




Advanced Courses in Mathematics
CRM Barcelona

Centre de Recerca Matemàtica

Managing Editor:
Carles Casacuberta



Manuel Ritoré
Carlo Sinestrari

Mean Curvature Flow 
and Isoperimetric  
Inequalities

Editors for this volume:
Vicente Miquel (Universitat de València)
Joan Porti (Universitat Autònoma de Barcelona)

Birkhäuser
Basel · Boston · Berlin



2000 Mathematical Subject Classification 53C17, 53A10, 53C20; 52A40

Library of Congress Control Number: 2009936024

Bibliographic information published by Die Deutsche Bibliothek
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; 
detailed bibliographic data is available in the Internet at <http://dnb.ddb.de>.

ISBN 978-3-0346-0212-9   Birkhäuser Verlag AG, Basel – Boston – Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of the 
material is concerned, specifically the rights of translation, reprinting, re-use of illustrations, 
recitation, broadcasting, reproduction on microfilms or in other ways, and storage in data 
banks. For any kind of use permission of the copyright owner must be obtained. 

© 2010 Birkhäuser Verlag, P.O. Box 133, CH-4010 Basel, Switzerland
Part of Springer Science+Business Media
Printed on acid-free paper produced from chlorine-free pulp. TCF ∞
Printed in Germany 

ISBN 978-3-0346-0212-9    e-ISBN 978-3-0346-0213-6

9 8 7 6 5 4 3 2 1     www.birkhauser.ch

Authors:

Manuel Ritoré
Departamento de Geometría y Topología
Facultad de Ciencias
Universidad de Granada
18071 Granada
Spain
e-mail: ritore@ugr.es

Carlo Sinestrari
Dipartimento di Matematica
Università di Roma “Tor Vergata”
Via della Ricerca Scientifica
00133 Roma
Italy
e-mail: sinestra@mat.uniroma2.it



Foreword

The Advanced Course on Geometric Flows and Hyperbolic Geometry took place
from March 12th to 19th, 2008. This was one of the activities of the Research Pro-
gram Geometric Flows and Equivariant Problems in Symplectic Geometry, held at
the Centre de Recerca Matemàtica (CRM) in Bellaterra (Barcelona) during the
first semester of 2008. It consisted of three main courses delivered by professors
Zindine Djadli (Université de Grenoble) on Ricci flow, Manuel Ritoré (Universi-
dad de Granada) on isoperimetric inequalities and hyperbolic geometry, and Carlo
Sinestrari (Università degli Studi di Roma Tor Vergata) on mean curvature flow.
Some complementary activities were organized during the afternoons. These in-
cluded preparatory lectures by Carlo Mantegazza, two invited talks by John Lott
and Peter Topping, and five contributed talks.

This book contains expanded revisions of the lectures on mean curvature
flow and isoperimetric problems given by Carlo Sinestrari and Manuel Ritoré re-
spectively. Although it is impossible to give a complete account of these subjects
in such a short series of talks, they succeeded in giving the flavor of the subject,
the main techniques (for some of the research streams in their respective subjects,
giving references for other viewpoints), deep insights into the fundamental ideas
and the state of the art with the major current trends on these matters.

Carlo Sinestrari, a PDE specialist, is especially known in the field of mean
curvature flow by his joint work with Gerhard Huisken on the nature of singu-
larities and flow with surgery (see the references [46], [47] and [48] in his part of
the book). This is a milestone in the work on mean curvature flow following the
approach of classical PDE and an explanation of the ideas of this work are part
of the contents of his lectures.

Manuel Ritoré is an expert on the theory of surfaces with constant mean
curvature and the isoperimetric problem. Just to give one of his contributions to
the field, we shall mention the proof of the double bubble conjecture, obtained in
collaboration with Hutchings, Morgan, and Ros. Since the main topic of the first
trimester of the research program at the CRM was geometric flows, a significant
part of his lectures focused on the attempts to apply geometric flows to solve
isoperimetric problems, showing their power at some points and their weakness at
others.
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For more details about the contents of the lectures, we refer to the Preface
of the exposition by Ritoré and the Introduction of that by Sinestrari. We shall
only warn the reader about the change of notation in the definition of the second
fundamental form and the mean curvature. As is natural, Sinestrari follows the
convention of analysts and Ritoré that of geometers. As a consequence, these two
quantities have opposite signs in the two parts of the book and, moreover, Sine-
strari does not divide the mean curvature by the dimension of the hypersurface.
The precise notation is explained at the beginning of each course.

We want to express our gratitude to the director of the CRM, Joaquim Bruna,
for his support and the facilities he gave us, to the staff of the CRM, indispensable
for the development of this course, and to all colleagues who contributed to our
organization of the research semester and all the others who contributed with their
participation. Concerning this publication, thanks are given to Manuel Castellet,
who proposed it and initiated the work for so doing, and to Carles Casacuberta,
who finished it.

Of course, special thanks are given to the authors.
We thank the Ingenio Mathematica project of the Consolider program of the

Spanish government for providing generous financial support for the organization
of this Advanced Course, as well as the Spanish Ministry of Science and Innova-
tion through FEDER/MEC grant MTM2007-29362-E and the Catalan government
through AGAUR grant 2007PIV10001.

Vicente Miquel and Joan Porti
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Part I

Formation of Singularities in the
Mean Curvature Flow

Carlo Sinestrari
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1 Introduction

Let F0 :M→ IRn+1 be a smooth immersion of an n-dimensional hypersurface in
Euclidean space, n ≥ 1. The evolution of M0 = F0(M) by mean curvature flow
is a one-parameter family of immersions F :M× [0, T )→ IRn+1 satisfying

∂F

∂t
(p, t) = −H(p, t) ν(p, t), p ∈M, t ≥ 0, (1.1)

F ( · , 0) = F0, (1.2)

where H(p, t) and ν(p, t) are respectively the mean curvature and the normal at
the point F (p, t) of the surfaceMt = F ( · , t)(M).

It can be checked that −H(p, t) ν(p, t) = ΔMt
F (p, t), where ΔMt

is the
Laplace–Beltrami operator on Mt. Thus, the mean curvature flow may be re-
garded as a kind of heat equation for the immersion. In particular, it can be
shown that it is a parabolic problem and is uniquely solvable for small times. In
addition, the solutions satisfy comparison principles and derivative estimates simi-
lar to the case of parabolic equations in euclidean space. This motivates the minus
sign in (1.1); otherwise the problem would be backward parabolic and ill-posed
in general. However the mean curvature flow is not really equivalent to a heat
equation, since the operator ΔMt is not the laplacian with respect to a fixed met-
ric, but it depends on Mt which is the unknown of the problem. In particular,
in contrast to the classical heat equation, the mean curvature flow is a nonlinear
evolution and the solutions exist in general only in a finite time interval.

Mean curvature flow occurs in the description of the interface evolution in
certain physical models (see, e.g., [12, 54, 62]). This is related to the property that
such a flow is the gradient flow of the area functional (see Section 4) and there-
fore appears naturally in problems where a surface energy is minimized. Another
interesting feature of the flow is the connection with certain reaction-diffusion
equations. Consider for example the equation

∂u

∂t
= Δu− 1

ε
W ′(u), (1.3)

where W (u) = (u2 − 1)2 (double-well potential). One can study the singular limit
of the solutions when ε tends to zero. Under suitable hypotheses, it can be shown
that the solution uε of (1.3) with fixed initial data converges as ε → 0+ to a
function which assumes only the values ±1 in regions separated by boundaries
which evolve by mean curvature flow (see [4, 62]).

A further motivation for the study of the mean curvature flow comes from
geometric applications, in analogy with the Ricci flow of metrics on abstract Rie-
mannian manifolds. One can use the flow as a tool to obtain classification results
for surfaces satisfying certain curvature conditions, or to derive isoperimetric in-
equalities, or to construct minimal surfaces. As in Hamilton’s program for the
Ricci flow, a fundamental step to the study of these problems is the definition of a



4

flow with surgeries which allows us to continue the flow through the singularities
in a controlled way. We will see that there are several analogies between Ricci flow
and mean curvature flow, although there is no direct link between the two.

Many interesting generalizations of the mean curvature flow can be studied.
For instance, we can consider other geometric flows of the form

∂F

∂t
(p, t) = −S(p, t) ν(p, t), p ∈M, t ≥ 0, (1.4)

where S(p, t) is a given symmetric function of the principal curvatures of Mt

at p, t. A typical example is the Gauss curvature flow, where S is the product
of the curvatures, which has been proposed as a model for the erosion of stones
by sea waves in [25]. Further generalizations have been considered, such as speeds
containing non-local terms, or depending on curvatures which are defined using
anisotropic geometries.

In these notes we first collect the basic properties of the general geometric
flows of the form (1.4). Then, we focus on the mean curvature flow and present the
results by Huisken and Huisken–Sinestrari [38, 42, 46, 47, 48] about the formation
of singularities, curvature estimates and the construction of a flow with surgeries.

An important subject which we do not treat in these notes are the weak
solutions. Let us just recall that, in contrast to the Ricci flow, many notions of
weak solutions are known for the mean curvature flow. The first one was introduced
by Brakke in his pioneering work [12], which employed techniques of geometric
measure theory. Another important kind of weak solution, based on the level set
approach and the theory of viscosity solutions, was introduced independently by
Chen, Giga, Goto [14] and by Evans and Spruck [23]. Further results, including
a link between the two approaches, were provided by Ilmanen in [49]. According
to these definitions, a solution of the mean curvature flow exists also after the
formation of singularities. However, it is no longer a surface but a weaker object;
for instance, it is a varifold (a suitable Radon measure) in Brakke’s theory, and the
level set of a function (which may be singular or have non-empty interior) in the
approach of [14, 23]. In addition, uniqueness is no longer ensured in general. Weak
solutions have been studied over the years by many authors, who have introduced
other notions in addition to the above ones. An important problem in this field is
the analysis of singularities of weak solutions, consisting of the estimation of the
possible Hausdorff dimension of the singular set. This study employs techniques
which are different from the ones presented in these notes for smooth solutions,
but the results obtained show sometimes interesting connections, see, e.g., [68].
The reader who is interested in these topics may consult the monograph by Giga
[28] to learn about the level set approach and the one by Ecker [21] to find a
proof of Brakke’s main regularity theorem which uses a simpler procedure than
the original one.

We consider in these notes only curvature flows of codimension 1 in euclidean
spaces. There are important results about curvature flows where the ambient space
is a Riemannian or Lorentzian manifold, see, e.g., [44, 27]. Not many results are
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known about the case where the codimension is greater than 1; a special case
of higher codimension where some interesting results about the singularities have
been obtained is the so-called Lagrangian mean curvature flow. The interested
reader may consult, e.g., [5, 61, 65, 66] and the references therein.

2 Geometry of hypersurfaces

In this section we recall some basic notions and fix some notation about the geome-
try of immersed manifolds. A more detailed exposition can be found for instance in
[60, 21]. We restrict ourselves to manifolds of codimension 1 in a euclidean ambient
space, that is, immersions of the form F :M → IRn+1, where M has dimension
n, for some n ≥ 1. The manifold M is assumed smooth and without boundary;
it can be either closed, or complete and non-compact. The image F (M) is called
a hypersurface; for simplicity, we will often use equivalently the word “surface”,
regardless of the dimension. Also, we will often identify the points ofM with their
image under the immersion, if there is no risk of confusion.

We follow the notation of [38]; in particular, we use the classical tensor no-
tation with coordinates and upper and lower indices, and with the Einstein con-
vention about summing over repeated indices. Let x = (x1, . . . , xn) be a local
coordinate on M. The components of a vector v in the given coordinate system
are denoted by vi, while the ones of a covector w are wi. Mixed tensors have
components with upper and lower indices depending on their type.

The Riemannian metric g onM is given by

gij(x) =
〈

∂F

∂xi
,

∂F

∂xj

〉
e

,

where 〈 · , · 〉e denotes the euclidean scalar product in IRn+1 (the subscript will
be sometimes dropped if there is no risk of confusion). The metric induces a
natural isomorphism between tangent and cotangent space. In coordinates, this is
expressed in terms of raising/lowering indexes by means of the matrices gij and
gij , where gij is the inverse of gij . The scalar product on the tangent space extends
to any tensor bundle, by contracting any pair of lower and upper indices with gij

and gij respectively. Thus, for instance, the scalar product of two (1, 2)-tensors
T i

jk and Si
jk is defined by

〈T i
jk, Si

jk〉 = T jk
i Si

jk = T l
pqS

i
jkglig

pjgqk.

This also allows us to define the norm of any tensor T as |T | = √〈T, T 〉. In
addition, the volume element dμ onM is given in local coordinates by

dμ =
√
det gij dx.

The covariant derivative of a vector vi or a covector wj are defined respectively as

∇kvi =
∂vi

∂xk
+ Γi

jkvj , ∇kwj =
∂wj

∂xk
− Γi

jkwi,
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where Γi
jk are the Christoffel symbols of the Levi-Civita connection associated

with the metric g. Covariant derivatives of general tensors are defined in a similar
way, e.g., we have for a (1, 2)-tensor T i

jl,

∇kT i
jl =

∂T i
jl

∂xk
+ Γi

mkTm
jl − Γm

jkT i
ml − Γm

klT
i
jm.

If f is a function we simply set∇kf = ∂f
∂xk

. Thus,∇f coincides with the differential
df ; it can also be regarded as an element of the tangent space, via the isomorphism
induced by the metric, and in this case is called the gradient of f . The gradient of
f can be identified with a vector in IRn+1 via the differential dF ; such a vector is
called the tangential gradient of f , is denoted by ∇Mf and is given by

∇Mf = ∇if
∂F

∂xi
= gij ∂f

∂xj

∂F

∂xi
. (2.1)

The word “tangential” comes from an equivalent definition of ∇Mf in the case
where f is a function defined in the ambient space IRn+1. Then it can be checked
that ∇Mf is the projection of the standard euclidean gradient Df on the hyper-
plane tangent toM, that is

∇Mf = Df − 〈Df, ν〉
e
ν, (2.2)

where ν is the unit normal toM.
The second fundamental form associated with F :M→ IRn+1 is the tensor

A = (hij) defined as

hij = −
〈

∂2F

∂xi∂xj
, ν

〉
e

=
〈

∂F

∂xi
,

∂ν

∂xj

〉
e

.

The Weingarten operator W is obtained from the second fundamental form by
raising one index, i.e., it has components hi

j = gikhkj . The principal curvatures of
M at a point are the eigenvalues of hi

j or, equivalently, the eigenvalues of hij with
respect to gij . We denote the principal curvatures by λ1 ≤ · · · ≤ λn. The mean
curvature is defined as the trace of the second fundamental form, i.e.,

H = gijhij = hi
i = λ1 + · · ·+ λn.

An important quantity in our analysis is the squared norm of the second funda-
mental form, which is equal to

|A|2 = hijhij = λ2
1 + · · ·+ λ2

n.

It is easy to see that |A|2 ≥ H2/n, with equality if and only if all curvatures
coincide; in fact we have the identity

|A|2 − H2

n
=
1
n

∑
i<j

(λj − λi)2. (2.3)
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Clearly, A,W,H depend on the choice of orientation; if ν is reversed, they
are all multiplied by a minus sign. On the contrary, the vector −Hν, called the
mean curvature vector, is independent of the orientation; in particular, it is well
defined globally even ifM is non-orientable.

The reader should be aware that different sign conventions are sometimes
used in the literature when dealing with the above quantities. Also, the mean
curvature is often defined as (λ1 + · · · + λn)/n, i.e., as the mean value of the
curvatures, rather than the sum, as in the definition we have chosen. Of course,
this makes no substantial difference in the analysis.

We say that the hypersurface M is convex if the principal curvatures are
non-negative everywhere. Observe in fact that, with our definitions, if F (M) is
the boundary of a convex set, and the normal is directed toward the exterior, then
all principal curvatures are non-negative.

The Gauss equations allow us to write the components Rijkl of the Riemann
curvature tensor in terms of the second fundamental form. We have in fact

Rijkl = hikhjl − hilhjk.

Therefore, the scalar curvature R satisfies

R = gikgjlRijkl = H2 − |A|2 = 2
∑
i<j

λiλj . (2.4)

We also recall the Codazzi equations, which say that

∇ihjk = ∇jhik, i, j, k ∈ {1, . . . , n}.

Taking into account the symmetry of hij , the Codazzi equations imply that the
tensor ∇A = ∇ihjk is totally symmetric.

We recall that the Laplace–Beltrami operator on functions f : M → IR is
defined as

ΔMf = gij∇i∇jf = gij

(
∂f

∂xi∂xj
− Γk

ij

∂f

∂xk

)
.

We write simply Δ instead of ΔM if there is no risk of ambiguity. Like the standard
laplacian in euclidean space, ΔM is an elliptic operator. On a closed manifold it
satisfies the usual identities∫

M
f Δh dμ = −

∫
M
〈∇f,∇h〉 dμ =

∫
M

hΔf dμ

for any pair of functions f, h : M → IR. If f is a function defined in the whole
ambient space IRn+1, then we have the relation (see [21])

ΔMf = ΔIRn+1f − ∂2f

∂ν2
−H

∂f

∂ν
, (2.5)
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where ∂f/∂ν and ∂2f/∂ν2 are directional derivatives of f in the standard eu-
clidean sense. This identity shows that ΔM not only neglects the contribution of
the normal direction in the standard laplacian, but also takes into account the
curvature ofM.

In particular, if we denote by Y = (y1, . . . , yn+1) the points in IRn+1, we find

ΔMyα = −Hνα, α = 1, . . . , n+ 1, (2.6)

where να is the α-component of ν. In addition,

ΔM|Y |2e = 2n− 2H〈Y, ν〉e. (2.7)

Given V :M→ IRn+1 it is possible to define ΔMV :M→ IRn+1 by applying
ΔM to each of the (n+1) components of V separately. It is interesting to compute
ΔMF , where F is the function which gives the immersion. Since by definition
F (p) ≡ Y for any p ∈M, equation (2.6) shows that ΔMF = −Hν, that is, ΔMF
coincides with the mean curvature vector.

Given a vector field V = (V i) onM, the tangential divergence of V is defined
as

divM V = ∇iV
i. (2.8)

On a closed manifoldM, the divergence theorem says that, for any vector field V ,
we have ∫

M
divM V dμ = 0.

The tangential divergence can also be defined for vector fields which are not tan-
gent toM, i.e., general fields V :M→ IRn+1. Let us denote by V1, . . . , Vn+1 the
components of V and by e1, . . . , en+1 the vectors of the canonical basis in IRn+1.
Then divM V :M→ IR is defined as

divM V =
n+1∑
α=1

(∇MVα) · eα. (2.9)

Here the dot is the scalar product in IRn+1 and ∇MVα is the tangential gradient
of the function Vα. It can be checked that this definition coincides with (2.8) when
V is tangent toM. Also (see [60]), the divergence theorem can be generalized as
follows: ifM is closed, then for any V :M→ IRn+1,∫

M
divM V dμ =

∫
M

H(V · ν) dμ. (2.10)

Let us derive a more explicit expression of divM V when V is defined in the whole
ambient space and the tangential gradient can be computed using (2.2). If we set
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να = ν · eα, we obtain

divM V =
n+1∑
α=1

⎛⎝DVα −
⎛⎝n+1∑

β=1

∂Vα

∂yβ
νβ

⎞⎠ ν

⎞⎠ · eα

=
n+1∑
α=1

∂Vα

∂yα
−

n+1∑
α,β=1

∂Vα

∂yβ
νανβ . (2.11)

We conclude by giving the explicit expression of the main geometric quan-
tities in the case where M is the graph of a function xn+1 = u(x1, . . . , xn). We
denote by Di, D

2
ij , . . . the partial derivatives in IR

n and we choose the orientation
of ν which points downward. Then we find, by a straightforward computation,

ν =
(D1u, . . . , Dnu,−1)√

1 + |Du|2 , (2.12)

gij = δij +DiuDju, gij = δij − Diu Dju

1 + |Du|2 , (2.13)

hij =
D2

iju√
1 + |Du|2 , H = div

(
Du√

1 + |Du|2

)
, (2.14)

where div is the standard divergence in IRn.

3 Examples

There are very few examples where the solution to the mean curvature flow can
be explicitly computed, which we describe in the following.

Example 3.1. The simplest example is given by the evolution of a sphere. Suppose
thatM0 = Sn

R(0), the sphere of radius R around the origin. Then it is easy to see
that the evolution ofM0 is given by spheresMt = Sn

r(t)(0), where the radius r(t)
evolves according to the ordinary differential equation

r′(t) = − n

r(t)
, r(0) = R.

The solution is given by r(t) =
√

R2 − 2nt. Observe that r(t)→ 0 as t → R2/2n,
that is, the sphere shrinks to a point in finite time and the flow is no longer defined
for t ≥ R2/2n. The evolution of a cylinder Sn−k × IRk is analogous: the spherical
factor shrinks while the flat one remains unchanged.

Analogous computations can be done for a general curvature flow of the form
(1.4). For instance, for the Gauss curvature flow the radius of a shrinking sphere
is given by

r(t) =
(
Rn+1 − (n+ 1)t

) 1
n+1 , t ∈

[
0,

Rn+1

n+ 1

)
.
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The behaviour is different in the case of expanding flows, like the inverse mean
curvature flow, corresponding to S = −1/H. In this case the solution starting from
a sphere of radius R exists for all times and is a sphere of radius r(t) = Ret/n, for
t ∈ [0,+∞). �
Example 3.2 (Translating graphs). Let us consider an evolving surface which
is represented (either globally or locally) as the graph of a function xn+1 =
u(x1, . . . , xn, t). Using (2.13)–(2.14) it is easily checked that the surface evolves
by mean curvature flow if and only if u satisfies the partial differential equation

∂u

∂t
=
√
1 + |Du|2 div

(
Du√

1 + |Du|2

)
. (3.1)

Let us consider translating solutions of the flow, that is, functions such that
u(x, t) = v(x) + t for some v. Such solutions are also called “translating solitons”.
Then v must satisfy

√
1 + |Dv|2 div

(
Dv√

1 + |Dv|2

)
= 1. (3.2)

In one dimension the equation becomes

vxx = 1 + v2
x,

which can be integrated explicitly. A solution is given by v(x) = − ln cosx, for x ∈
(−π/2, π/2), while all other ones are obtained by translating or adding constants.
This solution of the mean curvature flow is usually called the grim reaper. It can
be regarded as the counterpart of the “cigar soliton” in the Ricci flow.

In higher dimension, the analysis of (3.2) is more difficult. It can be shown
that there exists a unique convex rotational symmetric solution. Unlike the grim
reaper, it is defined in the whole space and has a quadratic growth at infinity. The
properties of this solution have been investigated in [17]. The existence of entire
convex translating graphs which are not rotationally symmetric has been studied
in [67]. �

4 Local existence and formation of singularities

For a geometric flow of the form (1.4) we have the following result, which ensures
local existence and uniqueness of the solution under a suitable assumption on the
initial data.

Theorem 4.1. Let F0 :M → IRn+1 be a smooth immersion of a closed n-dimen-
sional manifold M. If F0 is such that, at any point p ∈M, we have

∂S
∂λi

(λ1(p), . . . , λn(p)) > 0, i = 1, . . . , n, (4.1)
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then equation (1.4) with initial value (1.2) has a unique smooth solution on some
time interval [0, T ).

Condition (4.1) ensures that the flow (1.4) is parabolic in a neighbourhood
of the immersion F0. Observe that this condition is always satisfied in the case of
the mean curvature flow.

For the mean curvature flow, the above theorem was proved using three dif-
ferent approaches by Gage–Hamilton [26], Ecker–Huisken [22] and Evans–Spruck
[24]. For a general speed, this theorem is stated in [45]; a proof can be found in [27]
(see also [29] for a similar result). Let us give some informal remarks about the
strategy of the proof.

In the proof by Gage and Hamilton, one interprets equation (1.1) as a system
of partial differential equations in the unknown F . As in the case of the Ricci
flow, the system turns out to be parabolic, but not strictly parabolic because
of the invariance under tangential diffeomorphisms. However, one can apply the
existence result by Hamilton [33] for systems with an integrability condition, and
prove well-posedness of the problem.

As in the Ricci flow case, where Hamilton’s original approach can be simpli-
fied by De Turck’s trick, it is possible to find simpler equivalent formulations for
the mean curvature flow as a scalar partial differential equation which is strictly
parabolic. This is easy if the surface is the graph of a function in IRn; then equation
(1.1) is equivalent to (3.1) and can be studied by standard quasilinear parabolic
theory. In our theorem we consider closed surfaces which cannot be written glob-
ally as graphs. In this case we can represent the unknown surface Mt for small
time as a graph over the initial valueM0. It turns out that the height of the graph
satisfies a parabolic equation, for which existence and uniqueness for small times
can be proved. This is the technique used in [22, 27].

The method of [24, 29] is inspired by the level set approach. These authors
consider the signed distance function fromMt and show that it satisfies a parabolic
equation in IRn+1; they are able to prove that the equation has a smooth solution
in a neighbourhood ofM0 for small times.

Roughly speaking, the same techniques can be extended to the more general
flow of the form (1.4), because it can be checked that condition (4.1) ensures the
parabolicity of the equations which are considered in the above approaches. In
general these equations will be fully nonlinear, instead of quasilinear as in the
mean curvature flow. Fully nonlinear equations are in some respect difficult to
treat; for example, a good regularity theory is only known under the additional
assumption that the operator is concave (which would correspond to the concavity
of the speed S with respect to the curvatures). However, small time existence can
be established without further assumptions; it can be proved by a standard fixed
point argument in Hölder spaces, see [50, §8.5.3] for a proof in a euclidean setting.

As we have remarked above, condition (4.1) is satisfied in the case of the
mean curvature flow for any initial surface. For other flows, the initial surfaces
must belong to suitable classes. For instance, the Gauss curvature flow is strictly
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parabolic only when all λi’s are positive, i.e., whenM0 is uniformly convex. It is
interesting to consider certain borderline cases which are non-strictly parabolic,
such as the Gauss curvature flow of a convex surface with a flat part, see, e.g.,
[19].

Another consequence of the parabolicity of the equation is the following
avoidance principle, which we state here in the case of the mean curvature flow.

Theorem 4.2. Let M0,N0 be two smooth closed surfaces and let Mt,Nt be their
evolutions under mean curvature flow. Let T > 0 be such that Mt,Nt are both
defined for t ∈ [0, T ]. Suppose that M0,N0 are disjoint. Then Mt and Nt are
disjoint for all t ∈ (0, T ].
Proof (Sketch). If the result is not true, then there is a first time t0 > 0 at which
the surfaces intersect. At any intersection point, the normals to the surfaces must
coincide up to the sign. Then we can write locally the surfaces as graphs in a
neighbourhood of the intersection point for t close to t0. By construction, the
graphs solve equation (3.1), are disjoint for t < t0 and touch for t = t0, and this
is a contradiction with the strong maximum principle. �

A similar result holds for a general flow of the form (1.4) under a suitable
parabolicity condition see, e.g., [58]. However, the statement becomes more com-
plicated, because, in contrast to the mean curvature flow, the other flows in general
depend on the choice of the orientation. Therefore, when two surfaces touch at a
point where the normals point in opposite directions, the corresponding graphs
do not satisfy the same equation. In fact, it is easy to see that Theorem 4.2 does
not hold in the same generality for other flows: for example, two disjoint spheres
evolving by inverse mean curvature flow have non-empty intersection starting from
some positive time.

Many geometric quantities associated with a surface evolving by (1.4) satisfy
a parabolic equation. Before stating the result, we need some preliminary defini-
tions and remarks. The speed S governing our flow is by definition a function of
the curvatures λi’s. Since the curvatures are functions of hi

j , we can also regard
S as a function of hi

j . The regularity of S interpreted in this way is not obvious,
because the eigenvalues are not a smooth function of the entries of a matrix (they
are in general differentiable only as long as they are all distinct). However, here we
do not consider the eigenvalues separately, but a function S which by assumption
is symmetric. In this case it can be proved (see [27, Theorem 2.1.20]) that if S
is smooth with respect to λi, it is also smooth with respect to hi

j . Then we can
define an operator LS , associated with S, as

LSf =
∂S
∂hi

j

∇i∇jf (4.2)

for any f : M → IR. Observe that, if S = H, then LS is the Laplace–Beltrami
operator ΔM. In general, it can be checked that the operator LSf is elliptic if and
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only if the surface satisfies condition (4.1) which ensures the parabolicity of the
flow.

We restrict for simplicity to the case where S is a homogeneous function of
the curvatures. Then we have the following equations, which can be derived by
computations analogous to those in [38, §3]; see also [6, §3].
Lemma 4.3. If Mt evolves by (1.4), with S a symmetric function of the curvatures
homogeneous of degree β > 0, then the geometric quantities associated to Mt

satisfy the following equations:

(i)
∂

∂t
gij = −2Shij ,

∂

∂t
gij = 2Shij ,

(ii)
∂

∂t
dμ = −SHdμ,

(iii)
∂

∂t
hij = LShij +

∂2S
∂hp

q∂hk
l

∇ih
p
q∇jh

k
l +

∂S
∂hk

l

hk
mhm

l hij − (β + 1)hikhk
j S,

(iv)
∂

∂t
hi

j = LShi
j +

∂2S
∂hp

q∂hk
l

∇ihp
q∇jh

k
l +

∂S
∂hk

l

hk
mhm

l hi
j − (β − 1)hi

khk
j S,

(v)
∂

∂t
H = LSH +

∂2S
∂hp

q∂hk
l

∇ihp
q∇ih

k
l +

∂S
∂hk

l

hk
mhm

l H − (β − 1)|A|2 S,

(vi)
∂

∂t
|A|2 = LS |A|2 − 2 ∂S

∂hi
j
∇ihk

l∇jh
l
k + 2 ∂2S

∂hp
q∂hk

l

∇ihp
q∇jh

k
l hj

i

+2
∂S
∂hk

l

hk
mhm

l |A|2 − 2(β − 1)S hi
khk

j hj
i ,

(vii)
∂

∂t
S = LSS + ∂S

∂hk
l

hk
mhm

l S.

From equation (ii) we immediately deduce

d

dt
area (Mt) =

d

dt

∫
Mt

dμ = −
∫
Mt

SH dμ. (4.3)

This shows that, among all possible functions S onMt having fixed L2 norm,
the mean curvature is the one such that the area of Mt decreases most rapidly.
Such a property is expressed by saying that the mean curvature flow is the gradient
flow of the area functional.

It is also interesting to look at formula (4.3) in the case of the inverse mean
curvature flow, where S = −1/H. Then −SH ≡ 1 and we obtain that the deriva-
tive of the area is the area itself. This implies that, regardless of the shape of the
surface, we have

area (Mt) = area (M0) et,

as long as the flow exists.
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From now on we restrict our attention to the mean curvature flow. A first
question we want to address concerns the length of the time interval where a
solution exists.

Theorem 4.4. Let F0 : M → IRn+1 be a smooth immersion of a closed n-dim-
ensional manifold M. Then the mean curvature flow (1.1)–(1.2) has a unique
smooth solution, which can be defined in a maximal time interval [0, T ), where
0 < T < +∞, and satisfies maxMt |A|2 →∞ as t ↑ T .

Proof. The local existence and uniqueness is a particular case of Theorem 4.1. The
finiteness of T follows from the avoidance principle of Theorem 4.2, by taking asN0

a sphere enclosingM0. Since the sphere shrinks to a point in finite time, and the
two evolving surfaces remain disjoint, the smooth evolution ofM0 must terminate
not later than the one of N0. Recalling the maximal time of existence of a sphere,
we see that the smooth evolution of Mt cannot exist beyond time T = R2

0/n,
where R0 is the diameter of M0. The property that the curvature |A|2 blows up
as t → T can be proved by a standard contradiction argument, which relies on a
priori estimates on the derivatives of A. We give a sketch of the proof, referring
the reader to [38, Theorem 8.1] for more details. Suppose that |A|2 is uniformly
bounded for t ∈ [0, T ). Then also H is uniformly bounded, and therefore the
immersions F ( · , t) tend to a limit as t → T . We denote this limit by F ( · , T ); we
want to show that it is a smooth immersion. We use the estimates of Proposition
2.3 in [42], which show that, since |A|2 is bounded, each derivative ∇mA, with
m > 0, is also uniformly bounded. This implies that the surfacesMt converge to
a limiting smooth surfaceMT . Such a surface coincides with F (M, T ); it remains
to show that F ( · , T ) is a smooth parametrization ofMT , that is, that the tangent
vectors {∂F/∂xi} remain linearly independent up to time T . This is ensured by
a lemma on equivalent metrics which is due to Hamilton [33, Lemma 14.2]. Thus,
F ( · , T ) is a smooth immersion and the local existence theorem can be used to find
a solution for times greater than T , in contradiction with our assumptions. �

We call the time T the singular time of the mean curvature flowMt, and we
call the behaviour ofMt as t → T formation of singularities. The above proof may
suggest that any closed surface shrinks to a point as the singular time is reached,
as in the case of the sphere. The following example shows that this is not the case.

Example 4.5 (The standard neckpinch). Suppose that M0 looks like two large
balls connected by a cylindrical part (neck) which is very thin, in such a way that
the mean curvature in the neck is much larger than in the balls. Then one expects
that the radius of the neck goes to zero in a short time while the balls move little
from their original position. The existence of surfaces with this property was first
proved rigorously by Grayson [32]; we present here a simple proof of this fact given
by Ecker [21]. Let us consider the function

f(y, t) = |y|2 −
(

n− 1
2

)
y2

n+1 + t, y ∈ IRn+1, t ∈ IR.
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For a given family of immersions F :M× [0, T ) → IRn+1 evolving by mean cur-
vature flow, we denote by Φ the function f evaluated onMt, that is

Φ(p, t) = f(F (p, t), t), p ∈M, t ∈ [0, T ).

Then we have

∂

∂t
Φ = Df · ∂F

∂t
+

∂f

∂t
= −2HF · ν + (2n− 1)Hyn+1νn+1 + 1.

Using (2.5) we find that ΔMty
2
n+1 = 2 − 2Hyn+1νn+1 − 2ν2

n+1. Hence, recalling
also (2.7), we obtain

ΔMtΦ = 2n− 2HF · ν − (2n− 1)(1−Hyn+1νn+1 − ν2
n+1).

It follows that
∂

∂t
Φ−ΔMt

Φ = −(2n− 1)ν2
n+1 ≤ 0.

Therefore, if Mt is closed, the maximum principle implies that maxMt
Φ is non-

increasing. Given y ∈ IRn+1, we set y = (ŷ, yn+1) with ŷ ∈ IRn. The surface H of
equation

|ŷ|2 =
(

n− 3
2

)
y2

n+1 + 1

is a hyperboloid of rotation around the yn+1 axis. We now take any closed hyper-
surfaceM0 with the following properties:

• It is contained inside the hyperboloid H; equivalently, it satisfies f(p, 0) ≤ 1
for any p ∈M0.

• It encloses two spheres Σ1, Σ2 of radius 2
√

n centered at (0, L), (0,−L)
respectively, where L is chosen large enough so that this requirement is com-
patible with the former one.

Let us now consider the mean curvature flowMt starting fromM0. By the avoid-
ance principle (Theorem 4.2), the region enclosed by Mt must contain the two
spheres Σ1

t , Σ
2
t which are the evolution of Σ

1, Σ2. We recall that, by Example 3.1,
Σ1

t , Σ
2
t are spheres centered at (0,±L) and exist for all t < 2. On the other hand,

since f( · , 0) ≤ 1 on M0, the maximum principle argument above implies that
f( · , t) ≤ 1 on Mt. Observe that for t = 1 the region where f(y, t) ≤ 1 is a cone
with vertex at the origin, and that the points (0,±L) belong to distinct connected
components of the interior of the cone. This shows that the singular time T of the
flowMt satisfies T ≤ 1, and thatMt does not shrink to a point as t → T since it
encloses two balls with positive radius. Such a construction can be generalized to
other flows of the form (1.4), see [2]. �
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The above example has motivated the search for suitable weak solutions to
the mean curvature flow, in order to define a generalized evolution even after
time T . In a physical model, for instance, the interface continues its evolution
after time T , although in a non-smooth way; we intuitively expect that it splits in
two parts, each of them flowing independently. For topological applications, it is
also important to continue the flow until we have enough information on all parts
of the surface to describe its global structure.

As we have recalled in the introduction, many authors in the past have in-
troduced weak solutions to the mean curvature flow. At the end of these notes we
will present a more recent approach, due to Huisken and the author [48], which
is based on a surgery procedure, following Hamilton’s program for the Ricci flow.
This approach is more suitable for geometric applications because it allows us to
keep track of the changes of topology of the evolving surface. Let us mention that
the situation is different in the case of the Ricci flow, because no notion of weak
solution is known there, and the flow with surgeries by Hamilton and Perelman is
the only available definition of a flow past the singularities.

In contrast to the case of closed surfaces which always develop singularities,
the flows of entire graphs by mean curvature exist for all times, as shown by the
next result by Ecker and Huisken [22]:

Theorem 4.6. Let M0 be the graph of a function xn+1 = u(x1, . . . , xn) defined for
all (x1, . . . , xn) ∈ IRn. Then there exists a solution Mt of the mean curvature flow
with initial data M0 which is defined for all t ∈ (0,+∞) and is a graph over IRn

for all t.

An interesting feature of this result is that, in contrast to other parabolic
equations (e.g., the linear heat equation), no growth restriction on the function
u is necessary to obtain existence of solutions. This is related to the geometric
interpretation of the equation: in fact, a fast growth of u does not imply a fast
growth of the curvature of the graph of u. On the other hand, the uniqueness of
the solution obtained in the above theorem is still an open problem (we are not
in the framework of Theorem 4.1 because the surfaces here are non-compact).

5 Invariance properties

A first step in the analysis of singularities is to observe that certain significant ge-
ometric properties are invariant under the flow, as a consequence of the maximum
principle. We collect in this section some elementary, but significant, examples.
Let us first rewrite some of the evolution equations of Lemma 4.3 in the case of
the mean curvature flow S = H.

Lemma 5.1. If Mt evolves by mean curvature flow, then we have

(i)
∂

∂t
hi

j = Δhi
j + |A|2hi

j,
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Let us first rewrite some of the evolution equations of Lemma 4.3 in the case of
the mean curvature flow S = H.

Lemma 5.1. If Mt evolves by mean curvature flow, then we have

(i)
∂

∂t
hi

j = Δhi
j + |A|2hi

j,
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(ii)
∂

∂t
H = ΔH + |A|2H,

(iii)
∂

∂t
|A|2 = Δ|A|2 − 2|∇A|2 + 2|A|4.

We can immediately deduce some first examples of properties which are in-
variant under the flow.

Proposition 5.2. Let Mt, t ∈ [0, T ), be a family of closed surfaces evolving by
mean curvature flow.

(i) If H ≥ 0 on M0, then H > 0 on Mt for any t ∈ (0, T ).
(ii) If |A|2 ≤ cH2 on M0, then |A|2 ≤ cH2 on Mt for any t ∈ (0, T ).

Proof. Part (i) follows from Lemma 5.1 and the strong maximum principle. To
obtain (ii), we compute the evolution equation of f = |A|2/H2. We obtain, by
Lemma 5.1 and a straightforward computation,

∂f

∂t
= Δf +

2
H
〈∇H,∇f〉 − 2

H4
|H∇ihkl −∇iH hkl|2. (5.1)

Thus, the maximum principle implies that the maximum of f is non-increasing. �
Corollary 5.3. Let Mt, t ∈ [0, T ), be a family of closed surfaces evolving by mean
curvature flow.

(i) If H > 0 on M0, then there is an ε0 > 0 such that ε0|A|2 ≤ H2 ≤ n|A|2
everywhere on Mt for all t ∈ (0, T ).

(ii) If M0 has positive scalar curvature, the same holds for Mt for all t ∈ (0, T ).
Proof. By the compactness ofM0, if H > 0 everywhere then we also have H2 ≥
ε0|A|2 everywhere for some ε0 > 0. We can apply Proposition 5.2(ii) to obtain the
first inequality in (i). Inequality H2 ≤ n|A|2 follows instead from the algebraic
identity (2.3). Part (ii) is also a consequence of Proposition 5.2(ii) because, by
(2.4), positive scalar curvature is equivalent to H2/|A|2 > 1. �

Corollary 5.3(ii) is a particular case of a more general property of the ele-
mentary symmetric polynomials of the curvatures, as we now proceed to show.
We recall that the elementary symmetric polynomial of degree k in n variables
λ1, . . . , λn is defined as

Sk =
∑

1≤i1<i2<···<ik≤n

λi1λi2 . . . λik

for k = 1, . . . , n. In particular, S1 = H, S2 is half of the scalar curvature and Sn

is the Gauss curvature. It is not difficult to show that

λ1 ≥ 0, . . . , λn ≥ 0 ⇐⇒ S1 ≥ 0, . . . , Sn ≥ 0. (5.2)

These polynomials enjoy various concavity properties. The interesting one for our
purposes is the following [51, 47].
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Theorem 5.4. Let Γk ⊂ IRn denote the connected component of the set

{λ ∈ IRn : Sk(λ) > 0}

which contains the positive cone. Then Sl > 0 on Γk for all l = 1, . . . , k and the
quotient Sk+1/Sk is concave on Γk.

The above properties remain unchanged if we regard the polynomials Sk as
functions of the Weingarten operator, instead of the principal curvatures, because
we have the following result; see [6, Lemma 2.2] or [47, Lemma 2.11].

Theorem 5.5. Let f(λ1, . . . , λn) be a symmetric convex (concave) function and let
F (A) = f(eigenvalues of A) for any n×n symmetric matrix A whose eigenvalues
belong to the domain of f . Then F is convex (concave).

The concavity of the above expressions allows us to apply the maximum
principle to obtain invariance properties. This will be clear after deriving the
following evolution equation.

Proposition 5.6. Let F (hi
j) be a function homogeneous of degree 1. Let Mt be a

family of closed surfaces evolving by mean curvature flow such that hi
j belongs to

the domain of F everywhere. Then

∂

∂t

F

H
−Δ

F

H
=

2
H

〈
∇H,∇F

H

〉
− 1

H

∂2F

∂hi
j∂hk

l

∇phj
i∇ph

k
l .

As a consequence, if F is concave (convex), any estimate of the form F ≥ cH
(resp. F ≤ cH) is preserved.

Proof. A straightforward computation, using Lemma 5.1(iii)-(iv) and Euler’s the-
orem on homogeneous functions, yields

∂

∂t

F

H
=

1
H

∂F

∂hi
j

(Δhi
j + |A|2hi

j)−
F

H2
(ΔH + |A|2H)

= Δ
F

H
+

2
H

〈
∇H,∇F

H

〉
− 1

H

∂2F

∂hi
j∂hk

l

∇phj
i∇ph

k
l .

�

In particular, the previous proposition can be applied to F = Sk+1/Sk, pro-
vided that Sk �= 0. This leads to the following result, which generalizes Corol-
lary 5.3.

Proposition 5.7. Let M0 be a closed hypersurface such that Sk > 0 everywhere
for a given k ∈ {1, . . . , n} and let Mt be its evolution by mean curvature flow.
Then, for any l = 2, . . . , k there exists γl such that Sl ≥ γlH

l > 0 on Mt for all
t ∈ (0, T ).
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Proof. We first observe that onM0 the curvatures (λ1, . . . , λn) belong everywhere
to the set Γk defined in Theorem 5.4. In fact, by hypothesis they are contained
in a connected component of the set where Sk > 0. In addition, the connected
component must be the one that contains the positive cone because every closed
surface has at least one point where all curvatures are positive.

By Theorem 5.4, we have Sl > 0 onM0 for l = 1, . . . , k and so, by compact-
ness, we have Sl ≥ clHSl−1 for suitable constants cl > 0, for any l = 2, . . . , k. We
know from Proposition 5.2 that H > 0 everywhere onMt for t ∈ (0, T ]. Then we
can consider the quotient S2/H2 = S2/S1H. It is defined for every t, it is greater
than c2 at time zero, and its minimum is non-decreasing by Proposition 5.6. It
follows that S2 ≥ c2H

2 for t ∈ (0, T ).
We now apply the same procedure to the quotient S3/S2H to conclude that

it is greater than c3 for t ∈ (0, T ), i.e., S3 ≥ c3S2H ≥ c3c2H
3. After finitely many

iterations, we obtain the conclusion. �
Further invariance properties for the mean curvature flow can be obtained

using Hamilton’s maximum principle for tensors [34, §4]. Let us first recall a defi-
nition. We say that an immersed surfaceM is k-convex, for some 1 ≤ k ≤ n, if the
sum of the k smallest curvatures is non-negative at every point ofM. In particu-
lar, 1-convexity coincides with convexity, while n-convexity means non-negativity
of the mean curvature H. Then we have the following result.

Proposition 5.8. If a closed hypersurface M0 satisfies λ1+ · · ·+λk ≥ αH for some
α ≥ 0 and 1 ≤ k ≤ n, then the same holds for its evolution by mean curvature
flow Mt. In particular, if M0 is k-convex, then so is Mt.

Proof. The result follows from Hamilton’s maximum principle for tensors, provided
we show that the inequality λ1 + · · · + λk ≥ αH describes a convex cone in the
set of all matrices, and that this cone is invariant under the system of ordinary
differential equations dhi

j/dt = |A|2hi
j , which is obtained by dropping the diffusion

term in the evolution equation for the Weingarten operator in Lemma 5.1.
If we denote by W (v1, v2) the Weingarten operator applied to two tangent

vectors v1, v2 at any point, we have

λ1 + · · ·+ λk = min{W (e1, e1) + · · ·+W (ek, ek) :
〈ei, ej〉 = δij for all 1 ≤ i ≤ j ≤ k}.

This shows that λ1 + · · · + λk is a concave function of the Weingarten op-
erator, being the infimum of a family of linear maps. Therefore the inequality
λ1 + · · ·+ λk ≥ αH describes a convex cone of matrices. In addition, the system
dhi

j/dt = |A|2hi
j changes the Weingarten operator by homotheties, and thus leaves

any cone invariant. The conclusion follows. �
In particular, we obtain that convex surfaces remain convex under the flow.

Observe that the same property also follows from Proposition 5.7 by taking k = n
and taking into account property (5.2).
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6 Singular behaviour of convex surfaces

In the next two sections we shall see some results showing that, roughly speaking,
the convexity properties of a surface evolving by mean curvature flow improve
when a singularity is formed. We begin with the case of convex surfaces.

Theorem 6.1. Let M0 be an n-dimensional closed convex surface embedded in
IRn+1. Then Mt shrinks to a point as t → T . In addition, if we choose a suitable
rescaling factor ρ(t), then the surfaces ρ(t)Mt converge to a sphere as t → T .

The behaviour described in the above theorem is usually summarized by
saying that the surfaces converge to a “round point”. This result was proved by
Huisken in [38] in the case n ≥ 2 and by Gage and Hamilton [26] when n = 1. We
describe here some of the main ideas in the proof in the case n > 1, since they
play an important role in the later developments of the theory. Let us set

f =
|A|2
H2

− 1
n

.

Then equation (2.3) can be rewritten as

fH2 =
∑
i<j

(λi − λj)2.

Thus, f is non-negative and it measures how much the curvatures differ from each
other. It vanishes identically on a surface if and only if the surface is a sphere. This
approach is suggested by [33, §8], where Hamilton considered a similar function of
the eigenvalues of the Ricci tensor.

We have seen in Proposition 5.2 that the maximum of f is non-increasing.
To prove convergence to a sphere one needs some stronger estimate, showing that
f tends to zero as the singular time is approached. To this purpose, Huisken
considered the function fσ = fHσ for a suitably small σ > 0. Observe that fσ is a
homogeneous function of the curvatures of degree σ > 0; thus, one would expect
fσ to blow up as the singular time T is approached. The next theorem shows
instead that it remains bounded, and this is one of the crucial steps in the proof
of Theorem 6.1.

Theorem 6.2. If σ > 0 is small enough, then the function fσ is uniformly bounded
for t ∈ [0, T ).
Proof. Let us first remark that a similar result holds for the analogous function
considered in [33] for the Ricci flow. However, the method of proof is quite different.
In fact, the result of [33] follows from an application of the maximum principle. In
our case, instead, the additional factor Hσ induces the presence of a positive zero-
order term in the evolution equation for fσ that cannot be directly compensated
by the other terms. More precisely, one finds

∂fσ

∂t
≤ Δfσ +

2(1− σ)
H

〈∇H,∇fσ〉 − 2
H4−σ

|H∇ihkl − hkl∇iH|+ σ|A|2fσ. (6.1)
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Thus, a more elaborate procedure is needed to estimate fσ. Let us first state
a useful lower bound for the gradient term in the above inequality. One can prove
that on convex surfaces (and in fact under more general hypotheses) there exists
c such that

|H∇ihkl − hkl∇iH| ≥ cH2|∇H|2 (6.2)

(see [38, Lemma 2.3]). We now integrate the inequality on the manifold and try
to estimate the Lp norm of fσ. After integrating by parts we obtain

d

dt

∫
Mt

fp
σ dμ ≤ −p(p− 1)

2

∫
Mt

fp−2
σ |∇fσ|2 dμ− p

c

∫
Mt

fp−1
σ

H2−σ
|∇H|2 dμ

+ pσ

∫
Mt

|A|2fp
σ dμ. (6.3)

To show that the last term can be compensated by the other two, we need
some estimate involving both zero-order curvature terms and gradient terms. To
this purpose, we recall the identity [38, Lemma 2.1]

1
2
Δ|A|2 = 〈hij ,∇i∇jH〉+ |∇A|2 + Z, (6.4)

where Z = H
∑

λ3
i −
(∑

λ2
i

)2. Using this equality, we can compute
Δfσ ≥ 2

H2−σ
hij∇i∇jH +

2
H2−σ

Z

− 2(1− σ)
H

〈∇H,∇fσ〉+
(

2
nH1−σ

− 2− σ

H
fσ

)
ΔH.

After integrating this inequality onMt and performing some standard computa-
tions we obtain that, for all η > 0,∫

1
H2−σ

fp−1
σ Z dμ ≤ (2ηp+ 5)

∫
1

H2−σ
fp−1

σ |∇H|2 dμ

+ η−1(p− 1)
∫

fp−2
σ |∇fσ|2 dμ. (6.5)

On the other hand, it can be shown [38, Lemma 2.3(i)] that on a uniformly convex
surface, say hij ≥ εHgij , we have

Z ≥ nε2H4−σfσ > nε2|A|2H2−σfσ. (6.6)

Thus, we can combine estimates (6.3), (6.5) and (6.6) and choose η appropriately
to show that, for p suitably large and for σ suitably small the Lp norm of fσ is
decreasing in time.

This property is the starting point for a Stampacchia iteration procedure to
obtain that the L∞ norm of fσ is bounded. The proof also relies on a Sobolev
inequality for immersed manifolds due to Michael and Simon [53]. For the details,
see [38, §5]. �
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Several steps remain to complete the proof of Theorem 6.1. Roughly speaking,
the above result shows that, at the points where the curvature becomes unbounded,
the Weingarten operator approaches the one of a sphere. One then needs to show
that the curvature becomes unbounded in the whole surface when the singular time
is approached. The main steps are a gradient estimate for the mean curvature and
an application of Myers’ theorem; see [38].

It is interesting to remark that the above proof does not apply to the one-
dimensional case. The proof of Gage and Hamilton in [26] for curves in the plane
was obtained by a different method. Actually, in that case the result can be gen-
eralized to any embedded curve, as it was shown by Grayson [30].

Theorem 6.3. Let Γ0 be a closed embedded curve in the plane and let Γt, with
t ∈ [0, T ), be its evolution by mean curvature flow. Then there exists t0 < T such
that Γt is convex for all t ≥ t0. As a consequence, the result of [26] applies and
the curve (up to a rescaling) converges to a circle as t → T .

Other types of singular behaviour arise if one considers immersed plane curves
with self-intersections. Let us mention for instance the result by Angenent [9]
dealing with the case of a convex immersed curve looking like a cardioid; that
is, with one small loop enclosed by the rest of the curve. Then at the singular
time the loop shrinks to a point forming a cusp, while the rest of the curve is still
non-singular. After rescaling near the singularity (by a procedure similar to the
one that we describe later in Section 8) the asymptotic profile of the curve is given
by the “grim reaper” curve of Example 3.2.

In the remainder of the section, we give a brief survey of the many extensions
of Huisken’s theorem which have been obtained in the following years. Let us first
mention some results, again due to Huisken, about hypersurfaces immersed in a
Riemannian manifold. In [39] it was proved that if the principal curvatures of the
initial surface satisfy a suitable lower bound, depending on the properties of the
ambient manifold, then there is again convergence to a round point. The paper
[40] considered the case where the ambient manifold is a sphere Sn+1. In this case
there is a class of initial surfaces for which an alternative holds: either there is
convergence to a round point in finite time, or there is convergence in infinite time
to a smooth totally geodesic submanifold of Sn+1, roughly speaking, to a “big
Sn”. A result in the same spirit was proved by Grayson [31] for curves embedded
in a Riemannian two-dimensional manifold; under suitable assumptions on the
ambient space, he proved that the curve either converges to a round point or to a
geodesic.

Coming back to the case of a euclidean ambient space, there is a wide liter-
ature concerning the extension of Theorem 6.1 to general curvature flows of the
form (1.4). For certain flows, the convergence to a round point has been proved
for any convex surface. In other cases, the result is known under the assumption
that the initial surface satisfies a pinching condition of the form λn ≤ Cλ1 at
every point, where C > 1 is a suitable constant depending on the flow and on the
dimension. Among the various situations considered, the ones where the strongest
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results are known are usually those where the speed is a function homogeneous of
degree 1 in the curvatures, and those where the dimension of the evolving surfaces
is n = 2. We summarize some of the main results below.

We mention first the case of the flow driven by the Gauss curvature or, more
generally, by the power β of the Gauss curvature, for some β > 0. Some partial
results were obtained in [63], a paper which has been influential in the following
developments of the subject. The convergence to a round point of convex surfaces
has been proved in the case β = 1/n in [15], and when β = 1 and n = 2 in [7].
For a power β > 1/n, in general dimension, Huisken’s result is known to hold if
the initial value satisfies a pinching condition [15]. If β < 1/n, the result may fail;
in fact, there are examples of convex homothetically shrinking surfaces, which are
not spherical; see [8]. The convergence to a round point under a pinching condition
has been proved also when the speed is a power of the scalar curvature [2, 16] or
a power greater than one of the mean curvature [59].

The validity of Huisken’s result, without pinching conditions, was extended
to a large class of flows with one-homogeneous speed in [6]. More recently, the same
has been proved for various significant speeds with higher homogeneity degree in
[57] in the two-dimensional case.

There are other flows where we observe convergence of convex surfaces to a
spherical profile in infinite time. One example is the inverse mean curvature flow,
where S = −1/H. It was proved in [64] that convexity is preserved, that convex
solutions exist for all times and converge to a sphere as t →∞ after rescaling. Let
us also mention the so-called volume preserving curvature flows, which have the
form

∂F

∂t
(p, t) = (−S(p, t) + h(t)) ν(p, t),

where h(t) is the mean value of S on Mt. Thanks to the h(t) term, the volume
enclosed byMt remains constant. There are various cases where it is known that
convex solutions exist for all times and converge to a sphere as t → ∞. This was
first proved in [41] when the speed S is the mean curvature flow. Among the other
results, let us quote the ones of [52], where a large class of functions S homogeneous
of degree 1 is considered, and the paper [13], which studies the case of the volume
preserving mean curvature flow in hyperbolic spaces.

7 Convexity estimates

We now consider the formation of singularities for the so-called mean convex hy-
persurfaces, that is, the ones with non-negative mean curvature everywhere. As
we have seen in Theorem 5.2, this property is preserved by the mean curvature
flow. For the study of singularities, mean convexity is a significant generaliza-
tion of convexity. For instance, it is enough in general to allow for the neckpinch
behaviour described in Example 4.5; therefore, mean convex surfaces do not neces-
sarily shrink to a point at the singular time. An important result in the analysis of
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sarily shrink to a point at the singular time. An important result in the analysis of
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these surfaces is the following estimate on the elementary symmetric polynomials
of the curvatures, proved in [47].

Theorem 7.1. Let M0 ⊂ IRn+1 be a closed mean convex immersed hypersurface
and let Mt, t ∈ [0, T ), be its evolution by mean curvature flow. Then, for any
η > 0 there exists C = C(η,M0) such that Sk ≥ −ηHk − C for any k = 2, . . . , n
on Mt for any t ∈ [0, T ).

Such an estimate easily implies the following one, which has a more immediate
interpretation.

Theorem 7.2. Under the same hypotheses of the previous theorem, for any η > 0
there exists C = C(η,M0) such that λ1 ≥ −ηH − C on Mt for any t ∈ [0, T ).

The interest of the above estimate lies in the fact that η can be chosen
arbitrarily small and C is a constant which does not depend on the curvatures.
Thus we see that, roughly speaking, the negative curvatures become negligible
with respect to the others when the singular time is approached. This implies that
the surface becomes asymptotically convex near a singularity. For this reason we
call the estimates of the theorems above convexity estimates. Let us observe that
the result of Theorem 7.2 is very similar to a well-known estimate in the Ricci
flow, usually called Hamilton–Ivey estimate [36, Theorem 24.4]. In contrast to our
result, Hamilton–Ivey does not require curvature assumptions, but holds only in
the three-dimensional case. Observe that Theorem 7.2 cannot be valid without any
curvature assumption, even in low dimensions. In fact, Angenent [10] has proved
the existence of a torus which shrinks homothetically under mean curvature flow,
a behaviour which is incompatible with the validity of the convexity estimates.

Sketch of the proof of Theorem 7.1. We only describe the main idea of the proof.
The result is obtained by an induction procedure. The estimate on S1 follows
from the assumptions, because S1 = H. We then suppose that we have proved
the theorem for the polynomials S1, . . . , Sk and we want to prove the estimate
for Sk+1.

The basic idea is to consider the quotient Qk+1 = Sk+1/Sk. We have seen
in Proposition 5.6 that the function Qk+1/H is bounded from below. In analogy
with the proof of Theorem 6.2, we can try to prove that the same property holds
for Qk+1/H1−σ, if σ > 0 is small enough. In this way we could show that the
negative part of Sk+1 is of lower order near a singularity and obtain the desired
estimate.

The above argument cannot be applied in this form, because in general Sk is
not positive everywhere and therefore the quotient Qk+1 is not even well defined.
However, our induction hypothesis shows that Sk is “almost” non-negative. This
allows us to introduce a suitable perturbation of the second fundamental form such
that the corresponding perturbed Sk is non-negative. For the sake of simplicity, we
will neglect the perturbation in the following computations. We define the function

f = fσ,η =
−Qk+1 − ηH

H1−σ
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where σ, η > 0. The reason for introducing the additional term ηH will be ex-
plained later. A straightforward calculation yields the evolution equation

∂f

∂t
= Δf +

2(1− σ)
H

〈∇H,∇f〉 − σ(1− σ)
H2

f |∇H|2

+
1

H1−σ

∂2Qk+1

∂hi
j ∂hp

q
∇mhi

j∇mhp
q + σ|A|2f. (7.1)

The presence of the reaction term due to σ does not allow us to estimate f from
above directly using the maximum principle. Therefore, we use a strategy similar
to the one of [38]. The crucial step consists of deriving Lp estimates on the positive
part of f for large p. We observe that, at the points where f ≥ 0, we have Sk+1 ≤
−ηH, i.e., Sk+1 is strictly negative. This is useful for our estimates, because the
concavity properties of Qk+1 are worse at the points where Qk+1 = 0. More
precisely, it is possible to prove [47, Theorems 2.5 and 2.14] that for any η > 0
there exists c > 0 such that

∂2Qk+1

∂hi
j ∂hp

q
∇mhi

j∇mhp
q ≤ −c

|∇A|2
|A|

at all points whereQk+1 < −ηH. This gives a good gradient term in equation (7.1).
On the other hand, it is possible to show that this good term can compensate the
reaction term σ|A|2f if they are both integrated on the part of the surface where
f ≥ 0. In this way we can prove [47, Proposition 3.6] that, for any η > 0 and p
large enough, there exists σ > 0 such that the Lp norm of (fσ,η)+ is non-increasing.
This allows us to apply the same iteration procedure as in the proof of Theorem
6.2 to conclude that fσ,η is bounded from above for a suitable σ > 0. By definition
of fσ,η, such a bound implies that

Sk+1 ≥ Sk(−ηH − CH1−σ) ≥ −2ηHk+1 − C ′

for a constant C ′ = C ′(C, σ, η). Since η > 0 is arbitrary, this proves Theorem
7.1. �

8 Rescaling near a singularity

To study the singular behaviour of hypersurfaces evolving by mean curvature
flow, we use a standard technique in partial differential equations which consists
of rescaling the solutions near a singularity. Such an approach is often related to
the invariance of the equation with respect to certain transformations. Roughly
speaking, one proves that suitable rescalings of the flow converge to a smooth non-
trivial limit, which describes the asymptotic profile of the surface near a singularity.
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−ηH, i.e., Sk+1 is strictly negative. This is useful for our estimates, because the
concavity properties of Qk+1 are worse at the points where Qk+1 = 0. More
precisely, it is possible to prove [47, Theorems 2.5 and 2.14] that for any η > 0
there exists c > 0 such that

∂2Qk+1

∂hi
j ∂hp

q
∇mhi

j∇mhp
q ≤ −c

|∇A|2
|A|

at all points whereQk+1 < −ηH. This gives a good gradient term in equation (7.1).
On the other hand, it is possible to show that this good term can compensate the
reaction term σ|A|2f if they are both integrated on the part of the surface where
f ≥ 0. In this way we can prove [47, Proposition 3.6] that, for any η > 0 and p
large enough, there exists σ > 0 such that the Lp norm of (fσ,η)+ is non-increasing.
This allows us to apply the same iteration procedure as in the proof of Theorem
6.2 to conclude that fσ,η is bounded from above for a suitable σ > 0. By definition
of fσ,η, such a bound implies that

Sk+1 ≥ Sk(−ηH − CH1−σ) ≥ −2ηHk+1 − C ′

for a constant C ′ = C ′(C, σ, η). Since η > 0 is arbitrary, this proves Theorem
7.1. �

8 Rescaling near a singularity

To study the singular behaviour of hypersurfaces evolving by mean curvature
flow, we use a standard technique in partial differential equations which consists
of rescaling the solutions near a singularity. Such an approach is often related to
the invariance of the equation with respect to certain transformations. Roughly
speaking, one proves that suitable rescalings of the flow converge to a smooth non-
trivial limit, which describes the asymptotic profile of the surface near a singularity.
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Before describing the rescaling procedure in detail, let us estimate the blowup
rate of the curvature at the singular time. We note that the function v(t) =
1/2(T − t), for t ∈ [0, T ), is a solution of the equation v′ = 2v2 and satisfies
v(t) → +∞ as t → T . Recalling Lemma 5.1(iii), a standard application of the
maximum principle yields

max
Mt

|A|2 >
1

2(T − t)
. (8.1)

This suggests a classification of singularities depending on whether the curvature
satisfies an upper bound analogous to (8.1).

Definition 8.1. We say that a family of surfaces Mt evolving by mean curvature
flow develops a singularity of type I if there is a C ≥ 1/2 such that

max
Mt

|A|2 ≤ C

T − t
. (8.2)

Otherwise we say that the singularity is of type II.

It is easy to check that a sphere or a cylinder develops a singularity of type I.
It was shown in [38] that the same is true for all convex surfaces. However, there are
examples of singularities of type II. For instance, the immersed curve considered
by Angenent in [9] develops a singularity of type II. In dimension higher than 1,
type II singularities can occur also in the embedded case, as shown by the next
example.

Example 8.2 (The degenerate neckpinch). For a given λ > 0, let us set

φλ(x) =
√
(1− x2)(x2 + λ), −1 ≤ x ≤ 1.

For any n ≥ 2, letMλ be the n-dimensional surface in IRn+1 obtained by rotation
of the graph of φλ. The surfaceMλ looks like a dumbbell, where the parameter λ
measures the width of the central part. Then, it is possible to prove the following
properties (see [3]):

(a) if λ is large enough, the surfaceMλ
t eventually becomes convex and shrinks

to a point in finite time;

(b) if λ is small enough,Mλ
t exhibits a neckpinch singularity as in Example 4.5;

(c) there exists at least one intermediate value of λ > 0 such thatMλ
t shrinks to

a point in finite time, has positive mean curvature up to the singular time,
but never becomes convex. The maximum of the curvature is attained at the
two points where the surface meets the axis of rotation.

In addition, it can be proved that the singularity is of type I in cases (a), (b) and
of type II in case (c). The behaviour in (c) is called degenerate neckpinch and was
first conjectured by Hamilton for the Ricci flow [36, §3]. The rigorous construction
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described above for the mean curvature flow was first given in [3]. Intuitively
speaking, it is a limiting case of the neckpinch where the cylinder in the middle
and the balls on the sides shrink at the same time. One can also build the example
in an asymmetric way, with only one of the two balls shrinking simultaneously
with the neck, while the other one remains non-singular. A detailed description of
the asymptotic profile for a class of rotationally symmetric surfaces exhibiting a
degenerate neckpinch has been done in [11].

Following Hamilton [36, §16], we define the rescaling in a different way de-
pending on the type of the singularity. For type I, we take any sequence of times
{th} such that th ↑ T and choose ph ∈M such that

|A|2(ph, th) = max
Mth

|A|2.

In case II we choose the sequence (ph, th) in a more restrictive way. For any h ≥ 1,
we choose th ∈ [0, T − 1/h], ph ∈M such that

|A|2(ph, th)
(

T − 1
h
− th

)
= max

t≤T−1/h

p∈M
|A|2(p, t)

(
T − 1

h
− t

)
. (8.3)

For both types of singularities we then set

Lh = |A|2(ph, th), αh = −Lhth, ωh = Lh

(
T − th − 1

h

)
(8.4)

and define for any h the family Fh of rescaled immersions,

Fh( · , τ) =
√

Lh

(
F

(
· , τ

Lh
+ th

)
− F (ph, th)

)
, τ ∈ [αh, ωh]. (8.5)

It is immediate to check that Mh,τ = Fh(M, τ) evolves by mean curvature flow.
Then we have the following properties.

Lemma 8.3. We have, as h →∞,

th → T, Lh →∞, αh → −∞, ωh → Ω,

where Ω is a finite positive value if the singularity is of type I and Ω = +∞ if it
is of type II. Moreover, for any T0, T1 such that −∞ < T0 < T1 < Ω, the surfaces
Mh,τ have uniformly bounded curvature for τ ∈ [T0, T1] and for h large enough.

Proof. See [46, Lemma 4.4]. �
A uniform bound on the curvature implies bounds on all derivatives of the

curvature, by the estimates of [22]. Then, by standard techniques, it is possible to
show that a subsequence of the flowsMh,τ converges smoothly to a limit evolving
surface M̃τ defined for τ ∈ (−∞,Ω).
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Since the original flow satisfies the estimates of Theorem 7.1, we deduce that
the rescaled surfacesMh,τ satisfy

Sk,h > −ηHk
h − L

−k/2
h Cη.

Letting h →∞, we find that the limit flow satisfies S̃k > −ηH̃k for all η > 0, and
therefore S̃k ≥ 0. Recalling property (5.2) we conclude:

Corollary 8.4. Let the flow M̃τ be the limit of rescalings of a flow Mt of closed
mean convex surfaces, obtained by the procedure described above. Then the surfaces
M̃τ are convex. In addition, the flow M̃τ is defined for τ ∈ (−∞,Ω), where Ω is
finite if the singularity of Mt is of type I, and Ω = +∞ if the singularity is of
type II.

The above corollary has been also obtained by White [68] by completely
different techniques. His approach also applies to the rescalings of weak solutions
after the singular time.

We point out that the rescaled surfaces satisfy uniform bounds on the cur-
vature and not on the diameter. The convergence to M̃τ must be interpreted as
a locally uniform convergence, and the surfaces M̃τ can be unbounded. For in-
stance, they are clearly unbounded if the original surfacesMt do not shrink to a
point as t → T . Let us also observe that the limiting surfaces are convex, but in
general not strictly convex. For example, the typical limit that can be observed in
a neckpinch singularity is the cylinder Sn−1× IR. However, if the limiting surfaces
are not strictly convex, then they necessarily split as the product of a flat factor
and of a strictly convex one, as shown by the following result.

Theorem 8.5. Let M̃τ be as in the previous corollary. If the surfaces M̃τ are not
strictly convex, then (up to a rigid motion) they can be written as

M̃τ = Γk
τ × IRn−k,

where 1 ≤ k ≤ n and Γk
τ is a family of strictly convex k-dimensional surfaces.

Proof. See [47, Theorem 4.1] and the references therein. �

To investigate the possible structure of the strictly convex factor Γk
τ , we need

some further tools which will be given in the next section.

9 Huisken’s monotonicity formula

An important result in the analysis of the mean curvature flow is the following
monotonicity formula, which was proved by Huisken in [42]. We recall here the
proof of this result and discuss its consequences in the analysis of the singularities.
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Theorem 9.1. Let Mt = F (M, t) be a family of closed immersed surfaces evolving
by mean curvature flow, with t ∈ (t0, t1). For any t̄ ≥ t1, let ρ(y, t) be the n-
dimensional backward heat kernel in IRn+1 centered at (0, t̄), that is,

ρ(y, t) =
1

(4π(t̄− t))n/2
exp
(
− |y|2
4(t̄− t)

)
, y ∈ IRn+1, t < t̄.

Then we have

d

dt

∫
Mt

ρ(y, t) dμ = −
∫
Mt

ρ(y, t)
∣∣∣∣ F⊥

2(t̄− t)
−Hν

∣∣∣∣2 dμ, (9.1)

where F⊥ is the normal component of F . In particular, the integral of ρ on Mt is
non-increasing in time.

Proof. For a fixed τ �= 0, let us introduce the vector field V : IRn+1 → IRn+1,

V = y exp
(
−|y|

2

4τ

)
where y = (y1, . . . , yn+1). We can compute the tangential divergence of V using
(2.11). Keeping into account that

∂Vα

∂yβ
=
(
δαβ − yαyβ

2τ

)
exp
(
−|y|

2

4τ

)
, α, β ∈ {1, . . . , n+ 1}

we find that

divM V =
(

n+ 1− |y|
2

2τ

)
exp
(
−|y|

2

4τ

)
−
(
|ν|2 − 〈y, ν〉2

2τ

)
exp
(
−|y|

2

4τ

)
=
(

n− |y
T |2
2τ

)
exp
(
−|y|

2

4τ

)
,

where yT denotes the tangential component of y. Therefore, the divergence theo-
rem (2.10) implies∫

Mt

(
n− |y

T |2
2τ

)
exp
(
−|y|

2

4τ

)
dμ =

∫
Mt

H(V · ν) dμ. (9.2)

Let us observe that, for a general function f(y, t), we have, by definition of
the flow and by Lemma 4.3(ii),

d

dt

∫
Mt

f(y, t) dμ =
∫
Mt

(
∂f

∂t
+Df · ∂F

∂t

)
dμ+

∫
Mt

f(y, t)
∂

∂t
dμ

=
∫
Mt

(
∂f

∂t
−HDf · ν −H2f

)
dμ. (9.3)
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We want to apply the above formula to the function ρ. Let us set from now on
τ = t̄− t. We first compute

∂ρ

∂t
=
(

n

2τ
− |y|

2

4τ2

)
ρ, Dρ = − y

2τ
ρ.

Therefore

∂ρ

∂t
−HDρ · ν −H2ρ =

n

2τ
ρ−
∣∣∣ y

2τ
−Hν

∣∣∣2 ρ+HDρ · ν. (9.4)

Observe in addition that Dρ coincides with the field V defined before, up to a
factor which is space-independent. Therefore (9.2) implies∫

M

H(Dρ · ν) dμ = −
∫

M

(
n− |y

T |2
2τ

)
ρ

2τ
dμ. (9.5)

Putting together (9.3), (9.4) and (9.5) we obtain

d

dt

∫
Mt

ρ(y, t) dμ =
∫

Mt

(
−
∣∣∣ y

2τ
−Hν

∣∣∣2 ρ+
|yT |2
4τ2

ρ

)
dμ. (9.6)

Finally, observe that

∣∣∣ y

2τ
−Hν

∣∣∣2 = ∣∣∣∣(y⊥

2τ
−Hν

)
+

yT

2τ

∣∣∣∣2 =
∣∣∣∣y⊥2τ −Hν

∣∣∣∣2 + |yT |2
4τ2

,

by Pythagoras’ theorem. Plugging this in (9.6), and recalling that F ≡ y on M ,
we obtain the conclusion. �

Clearly, in deriving a result such as the above one, the difficult part consists
of guessing the correct statement. The idea of considering the heat kernel was
suggested by another monotonicity formula which was known for semilinear heat
equations in euclidean space; see the references in [42]. Also, it is interesting to
observe that minimal surfaces (which are stationary solutions of the mean cur-
vature flow), satisfy a formula where there is a monotonicity with respect to the
radius of the sphere where a certain quantity is integrated (see [21, Appendix D]).
A local version of the monotonicity formula for the mean curvature flow has been
obtained afterwards by Ecker [20].

Finding monotone quantities in a partial differential equation often has useful
applications. Well-known recent examples are contained in the work of Perelman
[55] for the Ricci flow. In the case of the mean curvature flow the monotonicity
formula has various consequences. In particular, it is useful for the classification
of the blowups M̃τ defined in the previous section, as the next result shows.
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Theorem 9.2. Let Mt have a singularity of type I as t → T . Then, any flow M̃τ ,
with τ ∈ (−∞,Ω), obtained as a limit of rescalings by the procedure of the previous
section, is a homothetically shrinking solution of the mean curvature flow. More
precisely, M̃τ (up to a translation) has the form

M̃τ =

√
Ω− τ

Ω
M̃0, for all τ < Ω, (9.7)

where M̃0 is the image of an immersion F̃0 which satisfies

F̃0 · ν = 2ΩH. (9.8)

Proof. We only give a sketch of the proof of this result, which can be found in [42]
and is based on the monotonicity formula. Let us denote by

F̃ : M̃ × (−∞,Ω)→ IRn+1

the immersion obtained as a limit of rescalings such that F̃ (M̃, τ) = M̃τ . The
main step of the argument, which we do not reproduce here, consists of showing
that, roughly speaking, the right-hand side of (9.1), with t̄ = Ω, must be identically
zero on M̃τ . This is proved by a contradiction argument which uses the special
properties of a limit of rescalings and the assumption that the singularity is of
type I. By setting equal to zero the right-hand side of (9.1) for τ = 0, one obtains
property (9.8) above, where we have set F̃0 = F̃ ( · , 0).

It is easy to see that (9.8) implies that the solution is homothetically shrink-
ing. In fact, let us define the family of immersions

Φ(p, t) =

√
Ω− τ

Ω
F̃0(p), p ∈ M̃, τ < Ω.

Clearly, Φ = F̃ for τ = 0; we claim that the same is true for τ �= 0 up to a
tangential diffeomorphism. To show this, observe first that the normal and the
mean curvature at the point Φ(p, τ) satisfy

ν(p, τ) = ν(p, 0), H(p, τ) =

√
Ω

Ω− τ
H(p, 0).

Then we can compute, using (9.8),

∂Φ
∂τ

(p, τ) · ν(p, τ) = − F̃0(p)
2
√
Ω(Ω− τ)

· ν(p, τ)

= −
√

Ω
Ω− τ

F̃0(p)
2Ω

· ν(p, 0)

= −
√

Ω
Ω− τ

H(p, 0) = −H(p, τ).



32

Thus, the normal component of the speed of Φ is equal to the mean curvature. Ob-
serve that Φ is not necessarily a mean curvature flow because the speed may have
a tangential component as well. However, we can compose Φ with a tangential dif-
feomorphism and obtain a family of immersions evolving by mean curvature flow.
By uniqueness, this family coincides with F̃ . Since a tangential diffeomorphism
leaves the image of the immersion unchanged, the surfaces M̃τ coincide with the
images of Φ( · , τ). Hence M̃τ satisfy (9.7) by definition of Φ. �

The next step is to classify the homothetically shrinking solutions, i.e., the
immersions which satisfy (9.8). Such a classification is known under the additional
hypothesis of mean convexity. For n = 1 the immersed curves with positive cur-
vature satisfying (9.8) have been classified by Mullins in [54] and by Abresch and
Langer in [1]; there is an infinite family of them, which all have self-intersections
except for the circle. In higher dimension, it was shown in [42] that the unique
compact solution to (9.8) with positive mean curvature is the sphere. Finally, in
[43] it was proved that there are no non-compact solutions except for the prod-
ucts of compact ones times a flat factor. Summing up, we obtain the following
conclusion.

Corollary 9.3. Let Mt ⊂ IRn+1 be a mean curvature flow of closed mean convex
hypersurfaces having a singularity of type I as t → T , and let M̃τ be a limit of
rescalings as in the previous section. Then M̃τ is a family of homothetically shrink-
ing surfaces. More precisely, the surfaces M̃τ are either of the form Sn−k

τ × IRk

for some 0 ≤ k ≤ n− 1, where Sn−k
τ is an (n− k)-dimensional shrinking sphere,

or of the form Gτ × IRn−1, where Gτ is a homothetically shrinking curve in the
plane belonging to the family classified in [1, 54].

We point out that the above result is independent of the convexity estimates
of Theorem 7.1. In particular, for type I singularities Corollary 8.4 can be obtained
without using such estimates. For type II singularities, instead, the monotonicity
formula does not yield useful information, and the convexity estimates are essen-
tial. The result which can be obtained in this case is the following.

Corollary 9.4. Let Mt,M̃τ be as in the previous statement, in the case of a type II
singularity. Then M̃τ = Γn−k

τ × IRk, for some 0 ≤ k ≤ n − 1, where Γn−k
τ is an

(n− k)-dimensional strictly convex translating solution to the flow.

Proof. In addition to the convexity estimates, the proof uses a result by Hamilton
[35] which says that any strictly convex eternal solution of the mean curvature
flow is necessarily a translating solution. Applying this result to the surfaces Γk

τ

of Theorem 8.5 we obtain our statement. �

10 Cylindrical and gradient estimates

From now on, we consider the mean curvature flow of hypersurfaces which have
dimension n ≥ 3 and are uniformly two-convex, that is, satisfy λ1 + λ2 ≥ αH
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everywhere for some α > 0. As we have seen in Proposition 5.8, such a property is
preserved by the flow. This is the class of surfaces for which a flow with surgeries
has been constructed in [48]. In this section we present two estimates which are
fundamental in the surgery procedure. The first one is the following.

Theorem 10.1. Let Mt, with t ∈ [0, T ), be a family of closed two-convex surfaces
evolving by mean curvature flow. Then, for any η > 0, there exists a constant Cη

such that
|λ1| ≤ ηH =⇒ |λj − λk| ≤ cηH + Cη, j, k > 1

everywhere on Mt, for t ∈ [0, T ), where c only depends on n.

We call the above result a cylindrical estimate because it shows that, at a
point where H is large and λ1/H is small, the Weingarten operator is close to the
one of a cylinder, since all eigenvalues are close to each other except for λ1 which
is small. Such a property is important because in the surgery procedure one needs
to detect regions of the surface which are close to a cylinder.

To obtain this estimate, we consider again the quotient |A|2/H2 which was
used in the proof of Theorem 6.1. Observe that on a cylinder IR× Sn−1 we have
|A|2/H2 ≡ 1/(n − 1). A kind of converse implication also holds, namely: if at
one point we have |A|2/H2 = 1/(n − 1) and in addition λ1 = 0, then necessarily
λ2 = · · · = λn. In fact, we have the identity

|A|2 − 1
n− 1

H2 =
1

n− 1

⎛⎝ ∑
1<i<j

(λi − λj)2 + λ1(nλ1 − 2H)

⎞⎠ . (10.1)

In view of this equality, the estimate of Theorem 10.1 is an immediate consequence
of the next result [48, Theorem 5.3].

Theorem 10.2. Let Mt, t ∈ [0, T ), be a closed two-convex solution of mean curva-
ture flow. Then, for any η > 0, there exists a constant Cη > 0 such that

|A|2 − H2

n− 1
≤ ηH2 + Cη

on Mt for any t ∈ [0, T ).
Sketch of the proof. Let us consider, for η ∈ IR and σ ∈ [0, 2] , the function

fσ,η =
|A|2 − ( 1

n−1 + η)H2

H2−σ
. (10.2)

Such a function is very similar to the fσ considered in the proof of Theorem 6.1,
and it satisfies the same inequality (6.1). However, in this case we do not have a
bound from below for Z analogous to (6.6). In fact, Z can be negative on non-
convex surfaces. A typical example is when λ1 < 0 and λ2 = · · · = λn > 0; then
Z < 0, even if |λ1| is small compared to the other curvatures.
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However, using also the convexity estimate of Theorem 7.2, we can show [48,
Lemma 5.2] that there exists a constant γ1 > 0 with the following property: for
any δ > 0 there exists Kδ such that

Z ≥ γ1H
2

(
|A|2 − 1

n− 1
H2 − δH2

)
−KδH

3 (10.3)

on Mt for any t > 0. As in the proof of Theorem 7.1, we aim at estimating the
Lp norms of the positive part of fσ,η. Therefore, we only need to consider the
points where the fσ,η > 0, i.e., such that |A|2 − H2

n−1 ≥ ηH2. Thus, if we choose
δ = η/2 in (10.3) the first term is positive and the only negative contribution to
the right-hand side is the last term, which has lower order. It turns out that this
estimate can play the same role as (6.6), and that it is possible to obtain an upper
bound for fσ,η by a procedure similar to the one of Theorem 6.2. The bound on
fσ,η easily implies the estimate of Theorem 10.2. �

We next describe an estimate for the gradient of the curvature for our evolving
surfaces. Compared to the gradient estimates for mean curvature flow already
available in the literature, e.g., [18, 22], this one is peculiar because it is a pointwise
estimate, which does not depend on the maximum of the curvature in a suitable
neighbourhood. A similar estimate has been obtained by Perelman [55, 56] for the
Ricci flow by a completely different approach.

Theorem 10.3. Let Mt, t ∈ [0, T ), be a closed n-dimensional two-convex solution
of mean curvature flow, with dimension n ≥ 3. Then there is a constant γ2 = γ2(n)
and a constant γ3 = γ3(n,M0) such that the flow satisfies the uniform estimate

|∇A|2 ≤ γ2|A|4 + γ3 (10.4)

for every t ∈ [0, T ).
Proof. The result is obtained by applying the maximum principle to a suitable
function that we are going to introduce. An important tool in the proof is the
inequality [38, Lemma 2.1], valid for any immersed hypersurface,

|∇A|2 ≥ 3
n+ 2

|∇H|2. (10.5)

Observe that 3
n+2 > 1

n−1 if n ≥ 3. Let us set

κn =
1
2

(
3

n+ 2
− 1

n− 1

)
.

By Theorem 10.2, there exists C0 > 0 such that(
1

n− 1
+ κn

)
H2 − |A|2 + C0 ≥ 0.
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Let us set

g1 =
(

1
n− 1

+ κn

)
H2 − |A|2 + 2C0, g2 =

3
n+ 2

H2 − |A|2 + 2C0.

Then we have g2 > g1 ≥ C0, and so gi − 2C0 = 2(gi − C0)− gi ≥ −gi for i = 1, 2.
Using the evolution equations for |A|2, H2 (see Lemma 5.1) and inequality (10.5),
we find

∂

∂t
g1 −Δg1 = −2

((
1

n− 1
+ κn

)
|∇H|2 − |∇A|2

)
+ 2|A|2 (g1 − 2C0)

≥ 2
(
1− n+ 2

3

(
1

n− 1
+ κn

))
|∇A|2 − 2|A|2g1 (10.6)

= 2κn
n+ 2
3
|∇A|2 − 2|A|2g1.

Similarly,

∂

∂t
g2−Δg2 = −2

(
3

n+ 2
|∇H|2 − |∇A|2

)
+2|A|2 (g2 − 2C0) ≥ −2|A|2g2. (10.7)

In addition (see [38, Theorem 7.1]),

∂

∂t
|∇A|2 −Δ|∇A|2 ≤ −2|∇2A|2 + cn|A|2|∇A|2, (10.8)

for a constant cn depending only on n. Using the above relations one obtains,
after a straightforward computation, the following inequality for the quotient
|∇A|2/g1g2:

∂

∂t

( |∇A|2
g1g2

)
−Δ

( |∇A|2
g1g2

)
− 2

g2

〈
∇g2,

|∇A|2
g1g2

〉
≤ |∇A|2 |A|2

g1g2

(
(cn + 4)− 2κ2

n

n+ 2
3n

|∇A|2
g1g2

)
.

Thus, at any point where |∇A|2/g1g2 attains a new maximum, we have

|∇A|2
g1g2

≤ 3n(cn + 4)
2κ2

n(n+ 2)
.

Using the definition of g1, g2, this easily yields our assertion. �

Once the estimate for |∇A| is obtained, it is easy to obtain similar estimates
for the higher order derivatives, as well as the time derivatives.
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11 Mean curvature flow with surgeries

In this section we describe the mean curvature flow with surgeries which has been
defined in [48] for two-convex surfaces of dimension n ≥ 3. Such a construction
is inspired by the one which was introduced by Hamilton [37] for the Ricci flow
and which enabled Perelman [56] to prove the geometrization conjecture for three-
dimensional manifolds.

The aim of the flow with surgeries is to define a continuation of the smooth
flow past the first singular time until the surface has approached some canonical
limit and we are able to determine its topological type. We remark that this
purpose would be hard to obtain by means of the weak solutions of the mean
curvature flow mentioned previously in these notes. In fact, weak solutions have
low regularity past the singular time and it is difficult to analyze their topological
behaviour. The flow with surgeries is based on a different strategy. While weak
solutions are non-smooth surfaces solving the equation exactly, solutions with
surgeries are smooth surfaces solving the equation up to certain errors introduced
at given times. At these times, the topological type of the surface may change, but
in a controlled way. Thus, we deal with a smooth surface throughout the evolution,
and it is possible to keep track of the changes of topology.

More precisely, the flow with surgeries follows this approach. If at the singular
time T the whole surface vanishes, then we do nothing and consider the flow
terminated at time T . We assume that we have enough knowledge of the formation
of singularities that we can tell the possible topological type of a surface that
vanishes completely at the singular time. If the surface instead does not vanish
at time T , we stop the flow at some time T0 slightly smaller than T . We remove
from the surfaceMT0 one or more regions with large curvature and replace them
with more regular ones. Such an operation is called a surgery. It may possibly
disconnect the surface into different components. The flow is then restarted for
each component until a new singular time is approached. The procedure is repeated
until each component vanishes.

In order to define rigorously such a procedure, one needs to specify the geo-
metric properties of the regions that are removed in the surgeries and of the ones
that are added as a replacement. To this purpose, one introduces the notion of
neck. The precise definition is given in [48]; roughly speaking, a neck is a portion
of a surface which is close, up to a homothety and a rigid motion, to a standard
cylinder [a, b]×Sn−1. The surgeries which we consider consist of removing a neck
and of replacing it with two regions diffeomorphic to disks which fill smoothly the
two holes left at the two ends of the removed neck. In this way we can describe
precisely the possible changes of topology of the surface. In fact, the surgery is
the inverse of the operation which is called a direct sum in topology. If we are able
to show that, after a finite number of surgeries, all remaining components have a
known topology, then the initial surface is necessarily diffeomorphic to the direct
sum of components with those properties. It turns out that this program can be
carried out, and that the following result can be obtained.
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Theorem 11.1. Let M0 ⊂ IRn+1 be a closed immersed n-dimensional two-convex
hypersurface, with n ≥ 3. Then there is a mean curvature flow with surgeries
with initial value M0 such that, after a finite number of surgeries, the remaining
components are diffeomorphic either to Sn or to Sn−1 × S1.

Due to the structure of our surgeries, the theorem implies that the initial
manifold is the connected sum of finitely many components diffeomorphic to Sn

or to Sn−1 × S1. Recalling that the connected sum with Sn leaves the topology
unchanged, we obtain the following classification of two-convex hypersurfaces.

Corollary 11.2. Any smooth closed n-dimensional two-convex immersed surface
M⊂ IRn+1 with n ≥ 3 is diffeomorphic either to Sn or to a finite connected sum
of Sn−1 × S1.

Topological results on k-convex surfaces were already known in the litera-
ture (see, e.g., [69]). However, these results were based on Morse theory and only
ensured homotopy equivalence. Another consequence of our construction is the
following Schoenflies type theorem for simply connected two-convex surfaces.

Corollary 11.3. Any smooth closed simply connected n-dimensional two-convex
embedded surface M ⊂ IRn+1 with n ≥ 3 is diffeomorphic to Sn and bounds a
region whose closure is diffeomorphic to a smoothly embedded (n+1)-dimensional
standard closed ball.

The proof of Theorem 11.1 is quite long and technical. Let us only explain,
at an intuitive level, how the approach works and which is the role of the two-
convexity.

A compact two-convex surface is also uniformly two-convex, i.e., it satisfies
λ1 + λ2 ≥ αH everywhere for some α > 0. As we have seen in Proposition 5.8,
this property is preserved by the flow. It is also scale invariant, and therefore
any smooth limit of rescalings must satisfy the same inequality. This restricts the
number of possibilities in Corollaries 9.3, 9.4, since the only uniformly two-convex
limits are the sphere Sn

t , the cylinder Sn−1
t × IR and the n-dimensional translating

solutions Γn
t .

If the limit is a sphere, then we do not need to perform any surgery on the
surface (or on that component of the surface) since we know that it is a convex
component shrinking to a round point. If the limit is a cylinder, then we have the
right geometric structure to perform a surgery. The case of a translating solution
Γn

t , which corresponds to type II singularities, is less obvious. The typical profile
of a translating solution is in fact paraboloidal, rather than cylindrical. However,
far away from the vertex a paraboloid looks more and more similar to a cylinder.
Thus, in this case we perform the surgery not at the point where the curvature is
the largest, but in a region nearby, where the curvature is still quite large and the
shape of the surface is closer to a cylinder.

The precise implementation of these ideas is quite long and technical. The
estimates of the previous sections play a fundamental role to prove the existence
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of necks which are suitable for the surgery procedure. It is also essential that the
surgeries do not alter the validity of the estimates, so that they hold with the
same constants even after the modifications at the surgery times. This allows us
to define a flow with surgeries where the curvature remains uniformly bounded.
Such a flow necessarily terminates after a finite number of steps, because the area
decreases by a fixed amount with each surgery, and is decreasing along the smooth
flow by (4.3).
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Preface

Given a Riemannian manifold M and some volume v less than the volume of M ,
one can look for the regions in M , if they exist, of volume v and minimum perime-
ter. Classically, this problem has been treated by using isoperimetric inequalities,
which are nothing but relations between the volume of a set and its boundary
area. A fundamental example is the classical isoperimetric inequality in the three-
dimensional Euclidean space

A3 � 36π V 2,

where A, V denote the boundary area and the volume of a given set. This mini-
mization problem can be considered not only on Riemannian manifolds, but also
in spaces where suitable notions of volume and perimeter can be defined, such
as metric measure spaces, where the volume is given by the measure, and the
boundary area is its Minkowski content, defined in terms of the measure and the
distance.

Isoperimetric inequalities have been proved by many different methods: com-
plex analysis, symmetrizations, Sobolev inequalities, and classical calculus of vari-
ations, amongst many others. A natural way of proving these inequalities is to
deform the domain while keeping controlled the ratio between the perimeter and
some function of the volume. The classical approach by inner equidistant curves
is an example of this procedure. Geometric flows, obtained from solutions of ge-
ometric parabolic equations, can be considered an alternative tool to prove these
isoperimetric inequalities. On the other hand, isoperimetric inequalities can help
in treating several aspects of convergence of these flows.

Isoperimetric inequalities are a valuable tool in Riemannian geometry, in par-
ticular in hyperbolic geometry. The use of variational problems to study geometric
and topological properties of manifolds is a very interesting field. Works by Law-
son, Meeks, Meeks and Yau, Meeks, Simon and Yau, Pitts and Rubinstein, on
minimal surfaces pointed in this direction.

Our goals, in writing these notes, are twofold. First we shall present recent
developments in the field of isoperimetric inequalities, mostly based on the use
of geometric flows. These techniques not only shed light on the proof of classical
results, but provide the machinery to prove new isoperimetric inequalities. Second,
we shall give applications of isoperimetric inequalities to hyperbolic geometry.
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The structure of these notes is as follows:

Chapter 1. Here we give a proof of the classical isoperimetric inequality in Eu-
clidean space of any dimension. Our goal is to keep these notes self-contained,
and to provide some basic tools and notation for further reference. We present
two proofs of the classical isoperimetric inequality. The first, which dates back to
Schwarz, makes use of a symmetrization technique to reduce the problem to the
comparison of sets of revolution around a given line. Then a new calibration argu-
ment is given to prove that the spheres have less perimeter than the rotationally
symmetric candidates. A second proof by Montiel and Ros, based on Gromov’s
ideas and Heintze–Karcher techniques, is presented.

Chapter 2. We use Grayson’s result on the convergence of the curve shortening
flow on Riemannian surfaces to prove 2-dimensional isoperimetric inequalities.
The theory of curve shortening flow, under certain geometric restrictions on the
surface, is complete enough to replace the classical method by parallels, as was
shown by Benjamini and Cao. We give their results on planes, simplifying part
of their arguments by using the avoidance principle for the curve shortening flow.
Further results by Morgan and Johnson on spheres are given. Recent developments
stemming from Benjamini and Cao’s work are briefly discussed.

Chapter 3. We review the few known results on applications of the mean curvature
flow to obtain isoperimetric inequalities in higher dimensions. We focus especially
on the results by Schulze on weak Hk flows. A key tool in Schulze’s method is
obtaining lower bounds for the Willmore functional∫

Σ

Hn dΣ

for hypersurfaces Σ ⊂ R
n+1. We discuss how to prove isoperimetric inequalities

directly from lower bounds of the Willmore functional, an argument that goes back
to Almgren. These techniques can also be applied to the exterior of a convex set.

Chapter 4. In this chapter we give two applications of the theory of isoperimetric
inequalities to hyperbolic geometry. First we present a result by Bachman, Cooper
and White, giving a bound on the injectivity radius of a compact, connected,
orientable, hyperbolic 3-manifold in terms of the Heegaard genus of the manifold.
We also review the result by Adams and Morgan on the isoperimetric profile for
small volumes of an (n+ 1)-dimensional cusped hyperbolic manifold.
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Many topics are not covered by these notes, or referred to only briefly. They
include:

1. The theory of constant mean curvature hypersurfaces and the notion of stable
constant mean curvature hypersurfaces. These are the second-order minima
of area under a (second-order) volume constraint. It is generally believed
that the theory of stable hypersurfaces could be the most fruitful approach
towards the resolution of the isoperimetric problem in manifolds with a cer-
tain topological complexity. Moreover, the local minimization property of
these hypersurfaces is perhaps a more realistic hypothesis than the global
one satisfied by solutions of the isoperimetric problem.

2. Analytic isoperimetric inequalities, Sobolev inequalities and Faber–Krahn
type inequalities concerning bounds for eigenvalues of the Laplacian.

3. Isoperimetric problems with additional constraints, such as fixed boundary,
free boundary, regions confined inside a given sets, or perimeter-minimizing
enclosures of several regions, amongst others.

4. Geometric properties of isoperimetric regions such as connectedness, convex-
ity, or bounds on the genus of the boundary in 3-dimensional manifolds.

5. Extensions of isoperimetric inequalities to non-Riemannian spaces, such as
sub-Riemannian manifolds, Carnot groups, manifolds with density, metric
measure spaces in general, graphs or singular spaces.

Remark on notation, conventions, and bibliography

Our notation and terminology are for the most part standard. The Euclidean space
of dimension n and its unit sphere will be denoted by R

n and S
n−1, respectively.

For a given set Ω, V (Ω) will usually denote its volume and A(∂Ω) its boundary
area. The n-dimensional area of S

n will be indicated by cn. The unit ball centered
at the origin in R

n will be denoted by B
n and its n-dimensional volume by ωn.

The k-dimensional Lebesgue measure is Lk. A Riemannian manifold (M, g) will be
usually mentioned as M , without reference to the Riemannian metric. Manifolds
will always be of class C∞ with C∞ Riemannian metrics.

The list of references is not intended to be exhaustive. We refer the reader
to the more complete books by Chavel [24], [25], and the treatise by Burago and
Zalgaller [19]. The recent fourth edition of Frank Morgan’s Geometric Measure
Theory: A Beginner’s Guide [68] has been used when writing this work.
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Chapter 1

The classical isoperimetric
inequality in Euclidean space

1.1 Introduction

The isoperimetric inequality in (n+ 1)-dimensional Euclidean space reads

An+1 � A(Sn)n+1

V (Bn+1)n
V n, (1.1)

where V is the volume of an open set Ω ⊂ R
n+1 with smooth boundary and A

its boundary area. Equality holds in (1.1) if and only if Ω is a Euclidean ball.
Inequality (1.1) shows that, amongst all regions with the same boundary area,
the Euclidean balls have maximum volume. This minimization problem is usually
referred to as an isoperimetric problem, and can be stated in quite general spaces,
where appropriate notions of area and volume can be defined. Inequality (1.1) also
shows that, amongst all sets with the same volume, Euclidean balls have minimum
boundary area. In the next section we shall introduce a minimal set of definitions
and results needed to treat these variational problems on Riemannian manifolds.

1.2 Preliminaries

1.2.1 Area and volume

On a Riemannian manifold (M, 〈 , 〉), one may define a Riemannian measure [25,
p. 158], which coincides with the Lebesgue measure in Euclidean spaces. The
volume V (Ω) of Ω ⊂ M will be defined as the Riemannian measure of Ω. The
volume element will be denoted by dM , so that the integral of the function f with
respect to this measure will be

∫
M

f dM . If Σ ⊂ M is a submanifold of dimension
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k � dimM − 1, the area A(Σ) of Σ will be the Riemannian measure associated to
the Riemannian metric induced on Σ by M . The associated Riemannian volume
element will be denoted by dΣ. If Σ is 1-dimensional, we shall speak of length
instead of area and we will denote it by L. Moreover, if M is a surface, then the
term volume will be replaced by area.

Some other notions of volume and area can be defined on M . Let k ∈ N and
δ > 0. For A ⊂ M , define

Hk
δ (A) = inf

{ ∞∑
j=1

αk

(
diam(Cj)

2

)k

: A ⊂
∞⋃

j=1

Cj , diam(Cj) � δ

}
,

where αk is the volume of the unit ball in R
k. Then the k-dimensional Hausdorff

measure of A is defined by

Hk(A) = lim
δ→0

Hk
δ (A) = sup

δ>0
Hk

δ (A).

The area of a k-dimensional submanifold of M coincides with its k-dimensional
Hausdorff measure; see [19, 13.2], [34, Ch. 2]. Observe that the Hausdorff measures
can be considered on any metric space.

Another notion of boundary area for sets is the Minkowski content. Let
Ω ⊂ M be any set. For r > 0, consider the closed tubular neighborhood of ra-
dius r of Ω given by

Ωr = {p ∈M : d(p,Ω) � r},
where d is the Riemannian distance on M . The Minkowski content of Ω is de-
fined by

M(Ω) = lim inf
r↓0

V (Ωr)− V (Ω)
r

.

For the definition of Minkowski content one needs a measure and a distance.
Hence this notion of boundary area can be introduced in metric measure spaces;
see [19, Ch. 2].

Finally, consider the set X0(M) of smooth vector fields on M with compact
support. Given Ω ⊂ M , the perimeter of Ω, [42], is defined by

P(Ω) = sup
{∫

Ω

divX dM : X ∈ X0(M), |X| � 1
}

,

where |X| is the supremum norm sup{|X|p : p ∈ M}. An equivalent definition,
sometimes called the geometric perimeter, is defined by

inf{lim inf A(∂Ωi)},
where {Ωi}i∈N is any sequence of sets with smooth boundary such that the char-
acteristic functions of Ωi converge in L1 to Ω. There are extensions of the notion
of perimeter to sub-Riemannian manifolds, [36], [41]. The perimeter functional,
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unlike Hausdorff measures and Minkowski content, is lower semicontinuous with
respect to L1

loc convergence of the characteristic function of sets.
If Σ′ is a bounded portion of a smooth hypersurface Σ enclosing a region

in M , then the Minkowski content of Σ′, its n-dimensional Hausdorff measure,
its perimeter and its area coincide. A detailed discussion of the relation between
Hausdorff measure and perimeter, and Minkowski content and perimeter, can be
found in Chavel’s book on isoperimetric problems [24, Ch. III, Ch. IV].

The usual results for non-negative measures, as well as the Riemannian Di-
vergence Theorem, and the area and coarea formulas, are valid on M , and will
be used throughout these notes. The reader is referred to Burago–Zalgaller [19] or
Chavel [25] for further reference.

1.2.2 Variational formulas

For the most part, this subsection is taken from Simon’s book [110]. Let Σ ⊂ M
be a submanifold in a Riemannian manifold. Consider a vector field X on M
with compact support, and let {ϕt}t∈R be the associated one-parameter group of
diffeomorphisms. Then one has [110, §9]

d

dt

∣∣∣∣
t=0

A(ϕt(Σ)) =
∫

Σ

divΣ X dΣ, (1.1)

where the divergence of X in Σ, divΣ X, is defined as follows: let p ∈ Σ, and
{e1, . . . , ek} be an orthonormal basis of TpΣ; denoting by ∇ the Levi-Civita con-
nection on M , then

(divΣ X)(p) =
k∑

i=1

〈∇ei
X, ei〉 .

We remark that formula (1.1) is also valid for submanifolds Σ ⊂ M with non-
empty boundary.

In case Σ = Ω is an open set in M , divΣ is the usual divergence on M and
will be denoted simply by div. In this case we have from (1.1) and the Divergence
Theorem

d

dt

∣∣∣∣
t=0

V (ϕt(Ω)) =
∫

Ω

divX dM = −
∫

∂Ω

〈X, N〉 d(∂Ω), (1.2)

where N is the inner unit normal to ∂Ω.
In case Σ is a hypersurface with unit vector field N normal to Σ, we have

divΣ X = divΣ X	 + divΣ X⊥ = divΣ X	 − nH 〈X, N〉 , (1.3)

where X	, X⊥ are the tangent and normal projections of X to Σ, and

H(p) = − 1
n

n∑
i=1

〈∇ei
N, ei〉
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is the mean curvature of Σ. If the vectors ei are principal directions, then

−∇eiN = κiei,

where κi is the principal curvature associated to ei, and so

H(p) =
1
n

n∑
i=1

κi.

Assuming that the support of X is contained in the interior of Σ, using (1.3) and
the Riemannian Divergence Theorem we get

d

dt

∣∣∣∣
t=0

A(ϕt(Σ)) = −
∫

Σ

nH 〈X, N〉 dΣ. (1.4)

From formulas (1.2) and (1.4) we obtain the usual characterization of minimal and
constant mean curvature hypersurfaces as the critical points of area, without or
with a volume constraint, respectively. From these variational formulas it is also
straightforward to obtain that a hypersurface Σ ⊂ M enclosing a region Ω has
constant mean curvature H0 if and only if it is a critical point of the functional
A− nH0V for any variation.

1.2.3 The isoperimetric profile

Let M be a smooth complete Riemannian manifold. The isoperimetric profile of
M is the function IM : (0, V (M))→ R defined by

IM (v) = inf{A(∂Ω) : Ω ⊂⊂M has smooth boundary, V (Ω) = v}. (1.5)

The isoperimetric profile gives an isoperimetric inequality in M , since any region
Ω ⊂⊂M with smooth boundary satisfies

A(∂Ω) � IM (V (Ω)).

This isoperimetric inequality is optimal in the sense that, if some function I exists
so that A(∂Ω) � I(V (Ω)) for any region Ω ⊂⊂ M with smooth boundary, one
trivially has IM � I.

Given two Riemannian manifolds M1 and M2 with infinite volume, their
isoperimetric profiles can be compared. Inequality IM1 � IM2 implies that the
function IM2 provides an isoperimetric inequality in M1, usually non-optimal. In
case that M1 and M2 are compact, one can compare their normalized profiles
JMi

(t) = IMi
(V (Mi) t), i = 1, 2, t ∈ (0, 1).

Analytic properties of the isoperimetric profile can be found in Bavard–Pansu
[11], Hsiang [55], Morgan–Johnson [71], and Ros [98]. Some of them will be used
later in this work.
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1.2.4 Isoperimetric regions

Since any finite perimeter set can be approximated by a sequence of bounded sets
with C∞ boundary, the value IM (v) can also be computed as

inf{P(Ω) : Ω has finite perimeter, V (Ω) = v}.

Observe that a minimizing sequence {Ωi}i∈N of sets with smooth boundary and
volume v so that A(∂Ωi)→ IM (v) may converge, in a weak topology, to some set
with non-smooth boundary. This motivates the following definition: an isoperi-
metric region of volume v in M is a finite perimeter set Ω0 so that V (Ω0) = v
and P(Ω0) = IM (v). Existence of isoperimetric regions is not guaranteed in non-
compact manifolds. However, we have the following convergence result

Theorem 1.2.1 ([96, Thm. 2.1]). Let M be a complete connected Riemannian mani-
fold, and {Ωi}i∈N be a sequence of sets of volume v so that limi→∞ P(Ωi) = IM (v).
Then there exists a finite perimeter set Ω and sequences of finite perimeter sets
{Ωc

i}i∈N, {Ωd
i }i∈N such that:

1. V (Ω) � v, P(Ω) � IM (v).

2. V (Ωc
i ) + V (Ωd

i ) = v, lim
i→∞

P(Ωc
i ) + P(Ωd

i ) = IM (v).

3. The sequence {Ωd
i }i∈N diverges.

4. Passing to a subsequence, lim
i→∞

V (Ωc
i ) = V (Ω) and lim

i→∞
P(Ωc

i ) = P(Ω).

5. Ω is an isoperimetric region for the volume it encloses.

Roughly speaking, this result shows that a minimizing sequence has a conver-
gent part to an isoperimetric set, perhaps with volume smaller than the original
one, and a divergent part leaving any compact portion of the ambient manifold.
Convergence results for minimizing sequences can be derived from Theorem 1.2.1.
Morgan [66], [68, Ch. 13] used a similar idea to prove existence of clusters min-
imizing perimeter in Euclidean space. The author showed existence of isoperi-
metric regions in any complete surface with non-negative curvature [91] using a
2-dimensional version of Theorem 1.2.1. This result was also used in [96] to prove
existence and non-existence results for isoperimetric regions in solid cones. Let
us remark that there are examples of complete Riemannian manifolds for which
isoperimetric regions do not exist for any value of the volume [90, Thm. 2.16].

Once we have obtained an isoperimetric region, a second problem is the
regularity of its boundary. For this we have the following:

Theorem 1.2.2. Let M be a smooth complete Riemannian manifold of dimension
n + 1, and let Ω ⊂ M be an isoperimetric region. Then ∂Ω is smooth and has
constant mean curvature except on a singular set of Hausdorff dimension less
than or equal to n− 7.
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The proof of this theorem in Euclidean space was given by Gonzalez, Massari
and Tamanini [43]; see also [67] for Riemannian manifolds with low regularity, and
[68, Ch. 10].

Isoperimetric regions can be of varying topological type depending on the
topological complexity of the ambient manifold. In the 3-dimensional real projec-
tive space we have the following:

Theorem 1.2.3 ([94, Thm. 8]). Let IS3 be the isoperimetric profile of the 3-dimen-
sional round sphere S

3. Then there is a value μ ∈ (0, π2/2) so that the isoperimetric
profile of RP

3 is given by

IRP3(v) =

⎧⎪⎨⎪⎩
IS3(v), 0 � v � μ,

2v1/2(π2 − v2), μ � v � π2 − μ,

IS3(π2 + v), π2 − μ � v � π2.

Moreover, in the first case the solution of the isoperimetric problem is a geodesic
ball, in the second one it is a tubular neighborhood of a geodesic, and in the last
one it is the complement of a geodesic ball.

In the Seifert manifold S
1×S

2 with its standard metric we have the following:

Theorem 1.2.4 ([77, Thm. 4.3]). The isoperimetric regions in the Riemannian
product S

1(r)× S
2 are either

1. balls or complements of balls, or

2. tubular neighborhoods of the closed geodesics S
1(r)× {point}, which are dif-

feomorphic to S
1 × S

1, or

3. sections bounded by two totally geodesic {point}×S
2, which are diffeomorphic

to [a, b]× S
2.

The balls are solutions for small values of the volume. If r > 1, then the tubes are
not solutions. If r < c2/(πc1), then the sections are not solutions.

Results on isoperimetric regions in quotients of R
3 by crystallographic groups

can be found in [49], [87], [88], [89], [95], and [99], amongst others.
There is a recent result by Nardulli [72], [73], [74], showing that isoperimet-

ric solutions of small volume are invariant under the subgroup of isometries that
leave invariant its center of mass.

1.3 The isoperimetric inequality in Euclidean space

Many proofs of the isoperimetric inequality (1.1) have been given using different
techniques; see [19, 1.2.2]. It is usually considered that the first rigorous one in R

3,
under modern standards, was the one given by H. A. Schwarz [107]. It consisted of
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two steps: a symmetrization procedure (nowadays known as Schwarz symmetriza-
tion), and a geometric construction to rule out rotationally symmetric candidates
different from the sphere.

The symmetrization argument can be applied to other ambient manifolds,
such as hyperbolic spaces, spheres, or to Euclidean spaces R

n with O(n)-invariant
Riemannian metrics.

The geometric construction, the second step in Schwarz’s argument, has to be
adapted to the different ambient spaces. This was done by E. Schmidt for simply
connected space forms [101], [102], [103], [105].

In this section we will prove a generalization of the Schwarz symmetrization
procedure and will replace the geometric construction in Schwarz’s paper by a
calibration argument valid in other ambient spaces. We start with the second step.

1.3.1 A calibration argument

As a preliminary step to prove the isoperimetric inequality in Euclidean space, we
give an isoperimetric inequality for sets satisfying a geometric constraint.

Theorem 1.3.1. Let Ω ⊂ R
n+1 be a bounded closed set with piecewise smooth

boundary. Let C be a closed right circular cylinder with axis L and base D so that

D ⊂ Ω ⊂ C. (1.1)

Then we have
A(∂Ω) � A(∂B), (1.2)

where B is the ball with V (B) = V (Ω). Moreover, equality holds in (1.2) if and
only if Ω = B.

Σ+

D

L

C

Figure 1.1: A set Σ contained in a cylinder C containing the base D of C

Proof. For simplicity, assume that L is the xn+1-axis, and that D is contained in
the hyperplane xn+1 = 0. In the proof we shall assume that Σ is C1. The general
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case follows with minor modifications. Let Sλ be the sphere of mean curvature λ
whose equatorial disc is D. Let S+

λ = {p ∈ Sλ : pn+1 � 0}. Translate vertically
the half-sphere S+

λ to produce a foliation of the cylinder C. Let X be the unit
normal vector (pointing downwards) to the leaves of the foliation. It is trivial to
check that

divX = −nλ.

Apply the Divergence Theorem to the vector field X in Ω+ = {p ∈ Ω : pn+1 � 0}
to get

−nλV (Ω+) = −
∫

Σ+
〈X, NΣ〉 dΣ−

∫
D

〈X, ND〉 dD

� −A(Σ+)−
∫

D

〈X, ND〉 dD,

which implies

A(Σ+)− nλV (Ω+) � −
∫

D

〈X, ND〉 dD.

Equality holds in this inequality when X and NΣ coincide, i.e., when Σ+ = S+
λ .

Let Bλ be the ball enclosed by Sλ. The same application of the Divergence
Theorem to B+

λ = {p ∈ Bλ : pn+1 � 0} provides the equality

A(S+
λ )− nλV (B+

λ ) = −
∫

D

〈X, ND〉 dD.

Hence we get
A(Σ+)− nλV (Ω+) � A(S+

λ )− nλV (B+
λ ),

with equality if and only if Σ+ = S+
λ .

In the same way we get

A(Σ−)− nλV (Ω−) � A(S−λ )− nλV (B−λ ),

with equality if and only if Σ− = B−λ .
Adding both inequalities we get

A(Σ)− nλV (Ω) � A(Sλ)− nλV (Bλ),

with equality if and only if Σ = Sλ.
Define

f(μ) = A(Sμ)− nμV (Bμ) + nμV (Ω),

where Sμ are the spheres of mean curvature μ, and Bμ are the enclosed balls. Since
spheres of mean curvature μ0 are critical points of the functional A − nμ0V , we
have

f ′(μ) = n (V (Ω)− V (Bμ)).
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Moreover, f ′′(μ) > 0. Hence f(μ) has a unique minimum λ0 for which f ′(λ0) = 0
and so V (Ω) = V (Bλ0). Moreover,

A(Σ) � f(λ) � f(λ0) = A(Sλ0).

Equality holds in the above equality if and only if Σ = Sλ and λ = λ0. �
Theorem 1.3.1 also holds for finite perimeter sets. The proof of the inequality

is straightforward. For the characterization of equality one gets that the measur-
able unit normal coincides with the restriction of a continuous vector field and
hence the boundary is a C1 surface by [42, Thm. 4.11].

The above result can be applied to different situations: spheres, hyperbolic
spaces, Nil manifolds (Riemannian Heisenberg groups), Berger spheres. Also in
spaces where regularity results for solutions of the isoperimetric problem are not
yet available, like the sub-Riemannian Heisenberg groups [93].

Calibration arguments have been widely used in the calculus of variations.
The reader is referred to Hélein [51], [52], to Lawlor for arguments on calibrations
and slicing [57], [58], [59], and to Lawlor and Morgan [60], [61].

1.3.2 Schwarz symmetrization

Fix a line L with direction v in Euclidean space R
n+1, and consider the family

of hyperplanes Πt = {p ∈ R
n+1 : 〈p, v〉 = t} orthogonal to L. Given Ω ⊂ R

n+1

with smooth boundary Σ in a generic position, Schwarz symmetrization consists
in replacing the intersection Ω ∩ Πt by the disc in Πt centered at L ∩ Πt and the
same n-area as Ω ∩ Πt. In this way, a set Ω0 is obtained so that it is rotationally
symmetric with respect to L, has the same volume as Ω, and has strictly less
perimeter than Ω unless Ω is rotationally symmetric with respect to a line parallel
to L.

The proof of this result is based on the following, stated under much more
general hypotheses.

Lemma 1.3.2. Let M be the manifold I × S, where I ⊂ R is an open interval and
S is an n-dimensional Riemannian manifold with metric dσ2. Consider on M the
warped metric ds2 = dt2 + f(t)2 dσ2, where f : I → R

+ is a smooth function. Let
St = {t}×S, and let Ω ⊂ M be a bounded set with smooth boundary Σ. We assume
that Σ is in generic position with respect to the foliation St, i.e., if ρ = t

∣∣
Σ
, then

A({p ∈ Σ : (∇Σρ)p = 0}) = 0.

Then we have

A(Σ) �
∫

I

(
P(Ωt)2 +

(
A(Ωt)′ − nHtA(Ωt)

)2)1/2

dt, (1.3)

where Σt = Σ ∩ St, Ωt = Ω ∩ St, and Ht = f ′(t)/f(t) is the mean curvature of
St with respect to the normal −∂t. The perimeter P(Ωt) and the area A(Ωt) are
computed in St.
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Moreover, equality holds in (1.3) if and only if the scalar product 〈∂t, N〉,
where N is the inner unit normal to Σ, is constant along Σt for almost all t ∈ I.

Proof. For further reference, we define

Ω[a,b] = Ω ∩ t−1([a, b]), Σ[a,b] = Σ ∩ t−1([a, b]).

Observe that ρ is a smooth function on Σ and (∇Σρ)p = 0 if and only if Σ is
tangent to Sρ(p) at p. By Sard’s Theorem, for L1-a.e. t ∈ I, Σ is transversal to St.

Choose a, b ∈ I, a < b, so that Σ is transversal to both Sa and Sb. By the
Divergence Theorem,∫

Ω[a,b]

nHt dM =
∫

Ω[a,b]

div ∂t dM = −
∫

Σ[a,b]

〈∂t, N〉 dΣ+A(Ωb)−A(Ωa),

where N is the inner unit normal to Σ. By the coarea formula, we have∫
Ω[a,b]

nHt dM =
∫ b

a

nHtA(Ωt) dt

and ∫
Σ[a,b]

〈∂t, N〉 dΣ =
∫ b

a

{∫
Σt

〈∂t, N〉
|∇Σρ| dΣt

}
dt.

So we obtain
d

dt

∣∣∣∣
t=a

A(Ωt) = nHaA(Ωa) +
∫

Σa

〈∂t, N〉
|∇Σρ| dΣa, (1.4)

for any regular value a of ρ.
Now, again by the coarea formula, using Minkowski’s inequality [47, §6.13]

in the third step, we get

A(Σ) =
∫

I

{∫
Σt

1
|∇Σρ| dΣt

}
dt

=
∫

I

{∫
Σt

(
1 +

1− |∇Σρ|2
|∇Σρ|2

)1/2

dΣt

}
dt

�
((∫

Σt

dΣt

)2

+
(∫

Σt

√
1− |∇Σρ|2
|∇Σρ| dΣt

)2)1/2

=
(
P(Ωt)2 +

(∫
Σt

√
1− |∇Σρ|2
|∇Σρ| dΣt

)2)1/2

, (1.5)

with equality if and only if
√
1− |∇Σρ|2 is constant along Σt. Observe that, for a

regular value t ∈ I of ρ, we have

〈∂t, N〉2 = 1− |∇Σρ|2,
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and so (∫
Σt

√
1− |∇Σρ|2
|∇Σρ| dΣt

)2

=
(∫

Σt

〈∂t, N〉
|∇Σρ| dΣt

)2

.

Now equations (1.4) and (1.5) imply (1.3). Equality is easily characterized. �

This result can be applied in many different situations. For instance one can
consider, in R

n+1, the function f(x1, . . . , xn+1) = xn+1. In this case, the hypersur-
faces St are the hyperplanes parallel to xn+1 = 0, and the symmetrization in R

n+1

can be proved by induction once isoperimetric solutions in R
n have been found.

This is the classical Schwarz symmetrization. In case St are the balls centered at a
given point, we get the spherical symmetrization considered by Fred Almgren [5].

To simplify the application of Schwarz symmetrization in R
n+1, we need to

choose an appropriate height function. Given v ∈ S
n, we define the height function

associated to v by
hv(p) = 〈p, v〉 .

Fix a compact embedded hypersurface Σ ⊂ R
n+1. For v ∈ S

n, define ρv = hv|Σ. It
is immediate to check that p ∈ Σ is a critical point of ρv if and only if Np = ±v,
where N is the inner unit normal to Σ. On the other hand, the Hessian ∇2

Σρv of
ρv in Σ in a critical point p of ρv can be easily computed. If v1, v2 ∈ TpΣ, then

∇2
Σρv(v1, v2) = 〈N, v〉 σ(v1, v2) = ±σ(v1, v2),

where σ is the second fundamental form of Σ. Hence p ∈ Σ is a non-degenerate
critical point of ρv if and only if Np = ±v and the principal curvatures of Σ at p
are all different from zero.

Consider now the normal Gauss map ϕ : Σ→ S
n. The Jacobian of ϕ at p ∈ Σ

equals the Gauss–Kronecker curvature of Σ, i.e., the product of the principal cur-
vatures of Σ. By Sard’s Theorem, the set of critical values of ϕ has Hn-measure 0.
Hence, for Hn-a.e. v ∈ S

n, the points in Σ with normal ±v are non-degenerate
critical points of ρv. This implies that ρv is a Morse function on Σ. In particular,
there is only a finite number of critical points by the compactness of Σ.

Now we are ready to apply Schwarz symmetrization

Theorem 1.3.3. Let Ω ⊂ R
n+1 be a bounded open set with smooth boundary Σ. Let

v ∈ S
n so that ρv, the restriction to Σ of the height function defined by v, is a Morse

function. Let L be a fixed line with direction v. Let St = {p ∈ R
n+1 : 〈p, v〉 = t},

Ωt = Ω ∩ St, Σt = Σ ∩ St. For every t ∈ R such that Ωt �= ∅, consider the disc Ω∗t
with the same area as Ωt centered at L ∩ St. Let

Ω =
⋃
t∈R

Ω∗t , Σ∗ = ∂Ω∗.

Then:

1. V (Ω∗) = V (Ω).
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2. Σ∗ is a piecewise smooth surface with A(Σ) � A(Σ∗). Moreover, equality
holds if and only if Ω is a set of revolution around some line parallel to L.
In this case, Σ∗ is a translation of Σ.

3. A(Σ) � A(∂B), where B ⊂ R
n+1 is a ball with V (B) = V (Ω). Moreover,

equality holds if and only if Ω is a ball.

Proof. In all cases, the equality V (Ω∗) = V (Ω) is a trivial consequence of the
coarea formula.

We shall consider first the planar case with some detail. The coordinates in
R

2 will be denoted by (x, y) instead of (x1, x2). After a rotation if necessary, we
may assume that v = (0, 1), so that ρv is the restriction of y to the boundary
curve Σ. Let y1 < · · · < yk be the critical values of ρv. For any y0 ∈ (yi, yi+1),
i = 1, . . . , k − 1 the number of connected components of the intersection of the
line y = y0 with Ω is a constant m, and there exist smooth functions

f1 < g1 < f2 < g2 < · · · < fm < gm,

so that (x, y) ∈ Ω ∩ ρ−1
v (yi, yi+1) if and only if x ∈ ⋃m

i=1(fj(y), gj(y)). It follows
that (x, y) ∈ Ω∗ ∩ ρ−1

v (yi, yi+1) if and only if

x ∈ (−f(y), f(y)),

where

f(y) =
1
2

m∑
j=1

(gj(y)− fj(y)). (1.6)

The length of Σ ∩ ρ−1
v (yi, yi+1) is given by

L(Σ ∩ ρ−1
v (yi, yi+1)) =

∫ yi+1

yi

m∑
j=1

{√
1 + g′j(y)2 +

√
1 + f ′j(y)2

}
dy,

and the one of Σ∗ ∩ ρ−1
v (yi, yi+1) by

L(Σ∗ ∩ ρ−1
v (yi, yi+1)) = 2

∫ yi+1

yi

√
1 + f ′(y)2 dy.

By (1.6), we have

(2m, 2f ′(y)) =
m∑

j=1

(1, g′j(y))− (−1, f ′j(y)),

so that, by the triangle inequality,

2
√
1 + f ′(y)2 � 2

√
m2 + f ′(y)2 �

m∑
j=1

{√
1 + g′j(y)2 +

√
1 + f ′j(y)2

}
(1.7)
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which implies L(Σ∗ ∩ ρ−1
v (yi, yi+1)) � L(Σ ∩ ρ−1

v (yi, yi+1)). If equality holds in
(1.7), then m = 1 and g1+f1 is a constant function in (yi, yi+1). This implies that
Σ ∩ ρ−1

v (yi, yi+1) is symmetric with respect to some vertical line.
Applying these arguments to each interval (yi, yi+1), we infer that L(Σ∗) �

L(Σ), and that equality holds if and only if Σ is symmetric with respect to a
vertical line. Now we apply Theorem 1.3.1 to obtain L(Σ∗) � L(∂D), where D is
the planar disc satisfying A(D) = A(Ω∗) = A(Ω). Hence L(∂D) � L(Σ∗) � L(Σ).
In case equality holds, then Σ∗ = D by Theorem 1.3.1 and so Σ is a disc.

Now we treat the higher dimensional case. The proof will follow by induction
on the dimension n + 1 of the Euclidean space. The case n + 1 = 2 has already
been considered, so we assume that n+ 1 � 3. Assume that v = (0, . . . , 0, 1).

By construction, Ω∗ is a set of revolution with smooth boundary out of the
critical values of ρv. By the induction hypothesis, we have P(Ωt) � P(Ω∗t ). As
ρv is a Morse function, Σ∗ is piecewise smooth and we can apply Lemma 1.3.2 to
conclude that

A(Σ) � A(Σ∗).

If equality holds in the above inequality, then Σt is a disc for all t, and 〈∂t, N〉 is
constant along Σt for all t. It is straightforward to check that this implies that Ω
is a set of revolution around a line parallel to L. This proves 2.

Now 3 follows from 2 and Theorem 1.3.1. �

We would like to remark that there are trivial proofs of the planar isoperi-
metric inequality, such as the one due to Hurwitz; see [25, Thm. V.5.1].

There are examples of sets for which Schwarz symmetrization does not de-
crease the boundary area. They are easily constructed from hypersurfaces with
intersection of positive area with one of the leaves St. Of course, in these cases,
the relevant height function is not a Morse function.

Figure 1.2: An example of perimeter non-decreasing under Schwarz symmetriza-
tion. Examples with smooth boundary can be obtained by rounding the corners
of the above surfaces

Apart from Schwarz’s symmetrization, some others can be used in different
problems, like Steiner’s, in which a hyperplane is chosen, and the intersections of
a set with lines orthogonal to the hyperplane are replaced by segments in the same
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line, of the same one-dimensional Hausdorff measure, but centered at a point of
the hyperplane, [19, §9.2]. A powerful symmetrization procedure in Riemannian
geometry was introduced by W. Y. Hsiang [53], [54].

1.3.3 Another proof of the isoperimetric inequality

A somewhat different proof of the isoperimetric inequality in Euclidean space
was given by Montiel and Ros [65]. Note that isoperimetric regions always exist
in Euclidean spaces, since the quotient by the isometry group is compact [68,
pp. 128–129], and their boundaries are smooth hypersurfaces with constant mean
curvature except on a singular set of Hausdorff dimension less than or equal to
n− 7 (the dimension of the ambient manifold is assumed to be n+ 1). The result
of Montiel and Ros, using ideas from Gromov [46, App. C+], and Heintze and
Karcher [50], is the following.

Theorem 1.3.4 ([65]). Let Σ ⊂ R
n+1 be a compact smooth embedded hypersurface

with constant mean curvature H, enclosing a region Ω. Then

(n+ 1)HV (Ω) � A(Σ). (1.8)

Equality holds if and only if Ω is a geodesic ball (and Σ is a metric sphere).

Proof. Let N be the inner normal to Σ. We recall that the mean curvature is the
arithmetic mean of the principal curvatures. For every p ∈ Σ, let c(p) be the first
focal point along the geodesic normal to Σ passing through p. As Σ is compact,
H > 0 by the maximum principle for the mean curvature equation. Let κ+(p)
be the maximum of the positive principal curvatures of Σ at p. Trivially we have
κ+ � H. Then c(p) � 1/κ+ � 1/H. So we have

V (Ω) �
∫ c(p)

0

{∫
Σ

n∏
i=1

(1− tκi(p)) dΣ(p)
}

dt

�
∫

Σ

{∫ 1/H

0

(1− tH)n dt

}
dΣ

=
1

(n+ 1)H
A(Σ),

where in the second inequality we have used the arithmetic-geometric inequality
(a1 · · · an)1/n � (a1 + · · · + an)/n, for ai � 0, with equality if and only if a1 =
· · · = an. This proves (1.8).

In case equality holds in (1.8), then c(p) = 1/H for all p and Σ is totally
umbilical. This implies that Σ is an umbilical sphere and Ω is a ball. �

As a corollary, we have:

Theorem 1.3.5 (Alexandrov Theorem in Euclidean space). Let Σ ⊂ R
n+1 be a

smooth compact embedded hypersurface with constant mean curvature. Then Σ is
a round sphere.
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Proof. Observe that Σ is a critical point of the functional A−nHV . Consider the
vector field

X =
n+1∑
i=1

xi
∂

∂xi
.

Then ∇uX = u for all p ∈ R
n+1 and u ∈ TpR

n+1. This implies

divX = n+ 1, divΣ X = n.

Using the first variation formulas for the area and the volume, and the fact that
Σ is critical for A− nHV , we get

0 = nA− nH(n+ 1)V = n (A− (n+ 1)HV ).

Then, by Theorem 1.3.4, Σ is a round sphere. �
The same proof holds when Σ is the boundary of an isoperimetric region.

Observe that, for every q in the interior of Ω, the points in Σ at minimum distance
from q are regular points (since the minimal tangent cone of R

n+1 − Ω at those
points is contained in a halfspace). Look at Gromov’s proof of the isoperimetric
inequality in manifolds with lower bounds on the Ricci curvature [46, App. C+].

Theorem 1.3.4 was later generalized by Montiel [64] to certain manifolds of
dimension larger than or equal to 3 admitting a conformal vector field.

The classical proof that the only compact embedded hypersurface with con-
stant mean curvature in R

n+1 is the round sphere was proved by Alexandrov using
a reflection-moving planes argument [3].



Chapter 2

Surfaces

2.1 Introduction

In the Euclidean plane, the length L of a closed embedded curve, not necessarily
connected, and the enclosed area A, satisfy the isoperimetric inequality

L2 � 4πA, (2.1)

with equality if and only if the curve is a circle. The arguments in the previous
chapter, using Steiner–Schwarz symmetrization with respect to a chosen line, and
a calibration argument, imply inequality (2.1). Many different proofs of (2.1) have
been given using a wide variety of techniques (see [19, Ch. 1], [24], [25, Ch. V], and
[75]). Inequality (2.1) has been extended in several ways. A useful generalization
is the following: Assume that M is a simply connected Riemannian surface with
Gauss curvature K bounded from above by a constant K0. Then

L2 � 4πA−K0A
2, (2.2)

and equality holds only for geodesic circles enclosing a disc of constant curvature
K0; see [19, Ch. 1]. A proof of (2.2) using inner parallels when the Riemannian
metric is analytic and the boundary curve is analytic was given by Bol [17] and
Fiala [35]; see also [25, Ch. V.5]. An extension by approximation to general metrics
was given by Chavel and Feldman [26]. A direct proof for smooth metrics was given
in Hartman [48]; see also [108] and [109]. An excellent survey with an exhaustive
list of references is the one by R. Osserman [75].

Inequality (2.2) is known as Bol–Fiala’s inequality and is a particular case
of the inequality

L2 + 2 (ω+
K0
− 2πχ)A+K0A

2 � 0;

see [19, Thm. 2.2.1]. Here L and A are the perimeter and area of a domain Ω
with compact closure in a Riemannian surface M such that ∂Ω consists of a finite



70 Chapter 2. Surfaces

number of rectifiable curves, χ is the Euler characteristic of Ω, and

ω+
K0

=
∫

Ω

(K −K0)+ dM.

Until recently, the isoperimetric regions were not known in surfaces of variable
curvature. In 1996, Benjamini and Cao [15] characterized the isoperimetric regions
in planes of revolution with non-increasing Gauss curvature as a function of the
distance to a given point, including the paraboloid of revolution z = x2+y2. Their
proof used the result by Grayson [45] on the convergence of the curve shortening
flow.

2.1.1 The Gauss–Bonnet Theorem

One of the main tools when using a deformation approach to obtain isoperimetric
inequalities, either by inner parallels or by the curve shortening flow, is the Gauss–
Bonnet Theorem. To keep these notes self-contained, we briefly recall Blaschke’s
variational proof of this result.

Theorem 2.1.1 (Gauss–Bonnet Theorem [16]). Let M be a Riemannian surface,
and Ω ⊂ M a disc with smooth boundary C. Let K be the Gauss curvature of M
and h the geodesic curvature of C with respect to the inner unit normal N . Then
we have ∫

Ω

K dM +
∫

C

h dC = 2π. (2.3)

Proof. Let U be any vector field with compact support in M , and let u = 〈U, N〉.
Consider the flow {ϕt}t∈R associated to U , and let Ωt = ϕt(Ω), Ct = ϕt(C). Then
the variation of the total Gauss curvature of Ω under the action of this flow is
given by

d

dt

∣∣∣∣
t=0

∫
Ωt

K dM =
∫

Ω

(
U(K) +K divU

)
dM

=
∫

Ω

div(KU) dM = −
∫

C

Ku dC.

On the other hand, the variation of the integral of the geodesic curvature is given
by

d

dt

∣∣∣∣
t=0

∫
Ct

ht dCt =
∫

C

(
U(ht) + h divC U

)
dC

=
∫

C

(
U	(h) + U⊥(ht) + h divC U	 + h divC U⊥

)
dC

=
∫

C

(
divC(hU	) + U⊥(ht) + h divC U⊥

)
dC.
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By the Divergence Theorem, ∫
C

divC(hU	) dC = 0.

On the other hand, divC U⊥ = −hu, and the derivative of the geodesic curvature
can be computed as U⊥(ht) = u′′ + (K + h2)u; see [11], where the prime is the
derivative with respect to arc-length in C. So we have∫

C

U⊥(ht) dC =
∫

C

(K + h2)u dC,

and we finally get

d

dt

∣∣∣∣
t=0

(∫
Ωt

K dM +
∫

Ct

ht dCt

)
= 0.

Hence the left side of (2.3) is invariant under the action of the flow ϕt associated
to U . Contracting the curve C to a point in the interior of Ω so that the curves
approaching the point are geodesic circles, we get that the constant value of the
left side of (2.3) is equal to 2π, which yields the desired result. �

From formula (2.3) one can derive the classical Gauss–Bonnet formula for
piecewise smooth curves [25, Thm. V.2.5] and the Gauss–Bonnet Theorem for
closed Riemannian surfaces [25, Thm. V.2.3]. The reader is referred to the clear
exposition of Chavel [25, §V.2] for a rather complete description of these conse-
quences of (2.3).

The Gauss–Bonnet formula (2.3) allows control of the integral
∫

C
h dC, which

is in fact the derivative of the length when we take inner parallels to the curve C.
Then one can prove the isoperimetric inequality (2.1) in the following way: consider
a domain Ω bounded by a Jordan curve C in a Riemannian surface with K � K0,
and the inner parallel regions Ωt = {p ∈ Ω : d(p, C) � t}, which are bounded
by the sets Ct = {p ∈ Ω : d(p, C) = t}. At least while the sets Ct are smooth
embedded curves (and we know that this happens when t is small enough if C is
at least C2), the derivatives of area and length are given, respectively, by

dA(Ωt)
dt

= −L(Ct),

dL(Ct)
dt

= −
∫

Ct

ht dCt = −2π +
∫

Ωt

K dM.

Hence we can take the area as a parameter for the deformation, and

dL2

dA
= 2
(
2π −

∫
Ωt

K dA

)
� 2 (2π −K0 A).

In case the deformation takes the regions Ωt to some set of area zero, we merely
integrate the above inequality to obtain (2.2). Usually this deformation by inner
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parallels is going to develop singularities, so the task is to control the behavior of
length and area when crossing these singular times. In the analytic case, both A(t)
and L(t) are continuous functions of t and the singularities of these deformations
were studied by Bol [17] and Fiala [35]; see also [25, §V.5, pp. 255–263]. In the
non-analytic case, the length function L(t) may be discontinuous [48], and the
study of their evolution is much more involved.

t0

C

Figure 2.1: A typical discontinuity of L(t) at t = t0

2.2 Curve shortening flow

When using inner parallels to prove isoperimetric inequalities, one has to deal
with the singularities developed along the deformation. One can try to replace
this deformation by any other one so that a good control of the derivatives of
length and area is kept, while avoiding singularity formation. A natural candidate
is the curve shortening flow.

2.2.1 Basic results

Given a Jordan curve α : S
1 → M with inner normal n, we deform it by the geodesic

curvature flow
∂αt

∂t
= htnt, (2.1)

where ht denotes the geodesic curvature with respect to the inner unit normal
vector field nt to αt. A fundamental problem is to understand the evolution equa-
tion (2.1) for large values of t. Solutions of (2.1) are defined for t ∈ [0, t∞), but
not on a larger interval. The value t∞ is called the maximal time for the solution
αt : S

1× [0, t∞)→ M . After several results by Angenent [6], Gage [38], [39], Gage–
Hamilton [37], Abresch–Langer [1], Grayson [44], the main result in this theory
was proved by Grayson [45]; see Theorem 2.2.1 below. The convex hull of a set
A ⊂ M is the smallest convex set containing A. We shall say that M is convex
at infinity if the convex hull of every compact set is compact. Since an evolving
curve cannot leave a locally convex region by the avoidance principle in subsec-
tion 2.2.2, convexity at infinity is a hypothesis to ensure that the flow is confined
to a compact region.
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Figure 2.2: A surface of revolution which is not convex at infinity

Theorem 2.2.1 ([45]). Let M be a complete surface which is convex at infinity, α a
Jordan curve in M , and αt a solution of the curve shortening flow equation (2.1).
Let t∞ be the maximal time for this solution. Then:

1. αt remains embedded for all t.

2. If t∞ < +∞, then αt converges to a point as t → t∞.

3. If t∞ = +∞, then αt converges to a closed geodesic as t → t∞.

Assume that the geodesic curvature flow is applied to a Jordan curve C =
α(S1) enclosing a region Ω. Denote by Ct the Jordan curve αt(C), and let Ωt be
the region enclosed by Ct. Let A(t) be the area of the region Ωt and L(t) be the
length of Ct. The variation formula for the area and the Gauss–Bonnet Theorem
imply

dA

dt
= −

∫
Ct

ht dCt = −2π +
∫

Ωt

K dM � −2π +
∫

M

K+ dM. (2.2)

Hence geometric conditions must be imposed on M to guarantee that dA/dt < 0.
The derivative of length along the curve shortening flow is given by

dL

dt
= −

∫
Ct

h2
t dCt,

which is strictly negative whenever ht �≡ 0. Assuming that the area is strictly
decreasing along the curve shortening flow, we have

dL2

dA
= 2L

∫
Ct

h2
t dCt∫

Ct
ht dCt

� 2
∫

Ct

ht dCt, (2.3)

by the Schwarz inequality
( ∫

Ct
ht dCt

)2 � L(t)
∫

Ct
h2

t dCt. Hence we get from (2.3)

dL2

dA
� 2
(
2π −

∫
Ωt

K dA

)
,

which is analogous to the formula obtained when taking inner parallels to the
curve C.
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2.2.2 The avoidance principle

A fundamental property of the curve shortening flow is the avoidance principle,
which asserts that two disjoint curves remain disjoint under the action of the flow.
The avoidance principle is based on the maximum principle for parabolic linear
equations.

Theorem 2.2.2 ([86, Lemma 3]). Let L be the differential operator

L(u) ≡ a(x, t)
∂2u

∂x2
+ b(x, t)

∂u

∂x
− ∂u

∂t
, (2.4)

where a and b are smooth and bounded and L is uniformly parabolic. Suppose that,
in a domain E of the plane xt, u satisfies the inequality L(u) � 0. Assume that
u < M in the portion of E lying in the strip t0 < t < t1 for some fixed numbers
t0 and t1. Then u < M on the portion of the line t = t1 contained in E.

Of course, if the function u is a solution of the linear parabolic equation

∂u

∂t
= a

∂2u

∂x2
+ b

∂u

∂x
+ cu,

with cu � 0, then u satisfies L(u) � 0.
Now we can prove the avoidance principle for the curve shortening flow

Theorem 2.2.3 (Avoidance principle [31, Prop. 1.6]). Let C1, C2 ⊂ M be disjoint
Jordan curves in a complete Riemannian surface. Let (C1)t, (C2)t be solutions of
the curve shortening flow defined in maximal time intervals [0, T1), [0, T2), respec-
tively. Then (C1)t, (C2)t are disjoint for all t < min{T1, T2}.
Proof. Assume t̄ < min{T1, T2} is the first contact time. Let p ∈ (C1)t̄∩(C2)t̄, and
let Γ be a curve tangent to both (C1)t̄ and (C2)t̄ at p. Consider Fermi coordinates
(x, y), [25, p. 142], based on the curve Γ = Γ(x).

p
Γ(C1)t̄

(C2)t̄

Figure 2.3: The first contact time t̄

Then the matrix of the Riemannian metric g in coordinates (x, y) is given by(
g11 0
0 1

)
.
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The curves (C1)t̄, (C2)t̄ are represented near (x̄, t̄), where x̄ satisfies Γ(x̄) = p,
by the graphs of the functions u1(x, t), u2(x, t), respectively, and they satisfy the
evolution equation

∂ui

∂t
=

1
(g11 + (ui)2x)

(ui)xx + Φ̃(x, t, ui, (ui)x), i = 1, 2.

Assume that their difference u = u1 − u2 is strictly negative for t < t̄. Then u
satisfies a linear parabolic equation

∂u

∂t
= auxx + bux + cu.

In order to apply the maximum principle for parabolic equations we need c � 0,
which does not hold in general. So instead of u we consider the function w(x, t) =
e−λt u(x, t), and we have

∂w

∂t
= −λw + e−λt

(
auxx + bux + cu

)
= awxx + bwx + (c− λ)w,

which satisfies c − λ < 0 for λ sufficiently large. From Theorem 2.2.2 we get a
contradiction. �

2.3 Applications of curve shortening flow to

isoperimetric inequalities

2.3.1 Planes

Using Grayson’s Theorem, Benjamini and Cao [15] were able to prove the following
isoperimetric result.

Theorem 2.3.1 ([15]). Let M be a complete plane of revolution about a given vertex
o ∈ M so that the Gauss curvature is a non-increasing function of the distance
to o. Let Br be the geodesic ball of radius r > 0 centered at o, and assume that∫

Br

K+ dM < 2π, for all r > 0. (2.1)

Then, given a relatively compact set Ω ⊂⊂M with smooth boundary we have

L(∂Ω) � L(∂Br), (2.2)

where Br is the ball with A(Br) = A(Ω). Equality holds in (2.2) if and only if Ω
is isometric to Br.
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This result can be applied to the paraboloid of revolution z = x2 + y2.
Geodesic circles centered at o have constant geodesic curvature which is positive
by the Gauss–Bonnet Theorem and (2.1), and so M is convex at infinity. The
Gauss–Bonnet Theorem implies also that there are no closed geodesics in M , so
the curve shortening flow deforms any Jordan curve to a point.

We shall give a simplified proof of Theorem 2.3.1 using the avoidance prin-
ciple. We have also included the original proof by Benjamini and Cao because of
its geometrical interest.

Proof of Theorem 2.3.1 using the avoidance principle. Prior to the proof we make
the following observations:

1. There are no closed geodesics in M by the Gauss–Bonnet Theorem.

2. Along the curve shortening flow the area decreases by equation (2.2) and the
condition

∫
Br

K+ dM < 2π.

3. The curve shortening flow applied to circles centered at o provides a family
of circles contracting to o.

4. M is convex at infinity since geodesic balls are convex.

We shall assume first that Ω is a disc. The curve shortening flow applied to
C = ∂Ω collapses the curve to a point, since there are no closed geodesics in M .
Hence the area can be taken as a parameter of the deformation and we have

dL2

dA
=
2L
∫

Ct
h2

t dCt∫
Ct

ht dCt
� 2
∫

Ct

ht dCt = 2
(
2π −

∫
ΩA

K dM

)
� 2
(
2π −

∫
Br(A)

K dM

)
=

dL2

dA
(Br(A)),

where ΩA is the disc enclosed by some Ct of area A � A(Ω). In the first line of
the above displayed inequality we have used the Schwarz inequality and, in the
second one, the fact that the balls centered at o maximize the total curvature
for any given area. Integrating the above inequality we get (2.2). In case equality
holds we get that ht is constant along the deformation and that ΩA = Br(A) for
all A ∈ (0, A(Ω)].

Consider now the case in which Ω is connected but the Euler characteristic
χ(Ω) � 0. The set Ω is a disc D from which a finite number of discs have been
removed. We trivially have

L(∂Ω) > L(∂D), A(Ω) < A(D).

Apply the curve shortening flow to D. Let t0 be the instant for which A(Dt0) =
A(Ω). From the previous case we get

L(∂Dt0) � L(∂Br(A(Dt0 )),
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and we finally get

L(∂Ω) > L(∂D) � L(∂Dt0) � L(∂Br(A(Ω)).

Observe that in this case the equality is never attained.
As a third case, assume that Ω = Ω1∪· · ·∪Ωk, where the sets Ωi are disjoint

discs. Let T1 � · · · � Tk be the maximal times for the flows (∂Ω1)t, . . . , (∂Ωk)t,
and define

Ωt =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(Ω1)t ∪ · · · ∪ (Ωk−1)t ∪ (Ωk)t, 0 � t � Tk,

(Ω1)t ∪ · · · ∪ (Ωk−1)t, Tk � t � Tk−1,

. . . . . .

(Ω1)t, T2 � t � T1.

Observe that, by the avoidance principle, the sets (Ω1)t, . . . , (Ωk)t are disjoint
whenever they exist. Let Ct = ∂Ωt. Now we have, on the interval [Ti, Ti−1],

dL2

dA
=
2L
∫

Ct
h2

t dCt∫
Ct

ht dCt
� 2

∫
Ct

ht dCt = 2
(
2π (i− 1)−

∫
Ωt

K dM

)
� 2
(
2π −

∫
Ωt

K dM

)
,

and the last inequality is strict if i > 2. Now we can argue as in the case of a single
disc to conclude that

L(∂Ω) � L(∂Br(A)).

Moreover, the inequality is strict if Ω has more than one component.
Finally assume that Ω = Ω1 ∪ · · · ∪ Ωk, where the sets Ωi are disjoint. Each

Ωi is a disc Di from which a finite number of discs have been removed. The discs
Di are either disjoint or nested. We say that Di is outermost if it is not contained
in another Dj . Let J be the family of indexes corresponding to outermost discs,
and

D =
⋃
i∈J

Di.

Then we have
L(∂Ω) > L(∂D), A(Ω) < A(D),

and we may apply the curve shortening flow to the union of discs D as in the
previous case to conclude that L(∂Ω) > L(∂Br(A)). �

Proof of Theorem 2.3.1 following Benjamini and Cao. Assume first that Ω is a
domain with χ(Ω) � 0. As M is a plane, Ω is obtained from a disc D delet-
ing a finite number of discs with smooth boundary. Obviously, A(Ω) < A(D)
and L(∂Ω) > L(∂D). Apply the geodesic curvature flow to ∂D and stop at some
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curve C enclosing a region Ω∗ with A(Ω∗) = A(Ω). Obviously, L(∂Ω∗) � L(∂D) <
L(∂Ω). Hence Ω with χ(Ω) � 0 cannot be an isoperimetric region.

Assume now that Ω is a disc. One can use the geodesic curvature flow to
obtain a family of domains Ωa, for a ∈ (0, A(Ω)). Let r(a) be the radius of the
geodesic ball centered at o of area a. Since ∂Br has constant geodesic curvature
for all r, we get that the geodesic curvature flow applied to a circle centered at o
yields a family of contracting circles centered at o. By (2.3) and Gauss–Bonnet,
we have

dL2(∂Ωa)
da

� 2
{
2π −

∫
Ωa

K dM

}
� 2
{
2π −

∫
Br(a)

K dM

}
=

dL2(∂Br(a))
da

,

since K is non-increasing. Since lim infa→0 L(∂Ωa) � 0 = lima→0 L(∂Br(a)), we
get

L(∂Ω) = L(∂ΩA(Ω)) � L(∂Br(A(Ω))).

In case L(∂Ω) = L(∂Br(A(Ω)), we get∫
Ωa

K dM =
∫

Br(a)

K dM,

for all a ∈ (0, A(Ω)). Since K is non-increasing we easily conclude that Ω is
isometric to Br(A(Ω)).

From now on, we shall assume that Ω has more than one component.
We treat first the special case Ω = Ω1∪Ω2, with Ω1, Ω2 disjoint closed discs.

Subject both ∂Ω1, ∂Ω2 to the geodesic curvature flow to obtain families of discs
(Ω1)t, (Ω2)t. Let t1 and t2 be the times for Ω1, Ω2, respectively, to deform to
points.

We assume first the case Ω1∩ (Ω2)t = ∅ for all t ∈ [0, t2). Consider the family

Ωt =

{
Ω1 ∪ (Ω2)t, 0 � t � t2,

(Ω1)t−t2 , t2 � t � t1 + t2.

Let A(t) = A(Ωt). Since A′(t) < 0, we consider the inverse function t(a). Then

dL2(∂Ωt(a))
da

� 2
(
2π#{components of Ωt(a)} −

∫
Ωt(a)

K dM

)
� 2
(
2π −

∫
Ωt(a)

K dM

)
=

dL2(Br(a))
da

.
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Observe that the inequality in the second line is strict for small t (for a close to
A(Ω)). Hence integrating we have

L(∂Ω) = L(∂Ω1) + L(∂Ω2) > L(Br(A(Ω))).

So in this case Ω cannot be an isoperimetric region.
As in the previous case, consider two disjoint discs Ω1 and Ω2, but now

assume that there is t0 < t2 so that Ω1 ∩ (Ω2)t0 �= ∅. We consider some x0 ∈
∂Ω1 ∩ (Ω2)t0 . Let α1, β be parametrizations of ∂Ω1, ∂(Ω2)t0 , respectively, so that
α1(0) = β(0) = x0 and α′(0) = β′(0). For s small enough, consider the geodesic
segments σ1 = α(s)β(s), and σ2 = α(−s)β(−s). By the triangle inequality,

L(σ1) + L(σ2) < L(α|[−s,s]) + L(β|[−s,s]).

Hence the closed curve γ obtained from α, β, σ1, σ2 by removing the intervals
α|[−s,s], β|[−s,s] is a closed curve with length strictly less than L(∂Ω1)+L(∂(Ω2)t0)
and area less than or equal to A(Ω1) + A((Ω2)t0). Round off the corners of γ to
obtain a closed smooth curve enclosing a disc Ω(1) with L(∂Ω(1)) < L(∂Ω1) +
L(∂(Ω2)t0), and A(Ω(1)) > A(Ω1) + A((Ω2)t0). Let t0 − ε be the time for which
A(Ω(1)) = A(Ω1) + A((Ω2)t0−ε. We have L(∂Ω(1)) < L(∂Ω1) + L(∂(Ω2)t0−ε). If
t(1) is the time for Ω(1) to collapse to a point, we define the family of domains

(Ω)t =

{
Ω1 ∪ (Ω2)t, 0 � t � t0 − ε,

(Ω(1))t−(t0−ε), t0 − ε < t � t0 − ε+ t(1).

The area of (Ω)t is decreasing and continuous and the length of ∂(Ω)t is decreasing
with a discontinuity at t = t0 − ε. As in the previous case, we get

L(∂Ω) > L(∂Br(A(Ω))).

Assume now that Ω =
⋃k

i=1 Ωi, k � 2, with Ωi discs. Apply the geodesic
curvature flow to ∂Ωk until it either collapses to a point or touches for the first
time tk0 another connected component, which we may assume is Ωk−1. Then replace
(Ωk)tk

0
∩ Ωk−1 by a smooth disc as in the previous paragraph, and apply the

geodesic curvature flow to this new disc. By this procedure, we decrease the area
continuously. Finally Ω collapses to a point and we may conclude that

L(∂Ω) > L(∂Br(A(Ω)),

as in the previous case.
Finally, assume that Ω =

⋃k
i=1 Ωi, k � 2, so Ω1, . . . ,Ωm, with 1 � m � k,

are non-simply connected components of Ω. Each Ωi, i � m, is a disc Di from
which some smooth discs have been removed, and

L(∂Ωi) > L(∂Di), A(Ωi) < A(Di), i � m.
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Apply the deformation discussed in the previous paragraph to Ω′ =
⋃m

i=1 Di ∪⋃k
i=m+1 Ωi observing that some Ωi, for i � m, perhaps could have disappeared in

this process (as some Ωi could be included in some Dj). In this way we construct
a deformation Ω′t of continuously decreasing area and decreasing boundary length.
Let t0 be so that A(Ω′t0) = A(Ω). Then we have

L(∂Ω) > L(Ω′) � L((Ω′)t0 � L(Br(A(Ω))),

and the proof is complete. �

The proof included here corresponds to Theorems 2, 4, and 5 in the paper by
Benjamini and Cao [15]. They also obtained a Riemannian comparison theorem
for isoperimetric profiles.

Theorem 2.3.2 ([15, Theorem 8]). Let M be a rotationally symmetric surface with
Riemannian metric g = dr2 + f(r)2 dθ2 such that

∫
M

K+ dM � 2π and K(r)
is a decreasing function of r. Suppose that N is a simply connected Riemannian
surface which is convex at infinity and that N satisfies

sup
A(Ω)=A(Br)

∫
Ω

KN dN �
∫

Br

KM dM

for each r. Then IN (a) � IM (a) for each a. Moreover, if there exists a domain Ω
with the same area as Br and L(∂Ω) = L(∂Br), then Ω must be isometric to Br,
where Br is the geodesic disc of radius r centered at the origin in M .

Proof. In case
∫

Br
K dM < 2π for every r > 0, the proof of Theorem 2.3.1 applies

without changes. So assume that
∫

B
K dM = 2π for some rotationally symmetric

ball B. Let r0 = inf{r :
∫

Br
K dM = 2π} and r1 = sup{r :

∫
Br

K dM = 2π}.
Since K is decreasing we have that K ≡ 0 in Br1 − Br0 . On the other hand, for
r ∈ [r0, r1], we have

2π f ′(r) =
∫

∂Br

h = 2π −
∫

Br

K dM = 0.

Hence we conclude that Br1 − Br0 is isometric to a flat cylinder that is foliated
by the geodesics {∂Br}, r ∈ [r0, r1].

Let C ⊂ M be a simple closed geodesic, and Ω the disc enclosed by C. By
the Gauss–Bonnet Theorem, we have

0 =
∫

C

h = 2π −
∫

Ω

K dM.

Since K is monotone, it follows from the definition of r0 and r1 that C = ∂Ω ⊂
Br1 − Br0 . By the uniqueness of geodesics (or the maximum principle) we have
that C = ∂Br for some r ∈ [r0, r1].



2.3. Applications of curve shortening flow to isoperimetric inequalities 81

Let now Ω ⊂ N . If A(Ω) < A(Br0), then, by the assumption on the curvature
of N , we have

∫
Ω

KN dN �
∫

Br0−ε
K dM < 2π, where A(Br0−ε) = A(Ω). The

proof of the inequality L(∂Ω) � L(∂Br0−ε) goes in the same way as in the proof
of Theorem 2.3.1.

Assume now that A(Ω) � A(Br0). To reproduce the arguments in the proof
of Theorem 2.3.1 we have to take into account the case in which the geodesic
curvature flow takes a Jordan curve to a simple closed geodesic. So assume that
Ω ⊂ N is a disc. Apply the geodesic curvature flow to ∂Ω and suppose that there
is convergence to a simple closed geodesic C. Let D be the disc enclosed by C. For
λ � 0, let Cλ be the inner parallel to C at distance λ, and Dλ the enclosed disc.
Observe that

d

dλ
A(Dλ) = −L(Cλ),

and
d

dλ
L(Cλ) = −

∫
Cλ

hλ = −2π +
∫

Dλ

K dM � 0.

Observe also that if A(Dλ) < A(Br0), then
∫

Dλ
KN dN < 2π. Then there is λ0 so

that Cλ0 is an embedded curve in N with non-zero geodesic curvature. Geodesic
curvature flow is then applied to Cλ0 to continue the evolution. In either case,
there is a family {Ωa}, a ∈ [0, A(Ω)], so that:
1. A(Ωa) = a, A(ΩA(Ω)) = Ω, and Ω0 is a point.

2. L(∂Ωa) is non-decreasing.

Under these conditions, the proof of Theorem 2.3.1 can be used to prove the
desired result. �

Benjamini and Cao also gave some applications of these results to get bounds
for the Laplacian on domains in rotationally symmetric surfaces with non-increas-
ing curvature [15, Thm. 10], and comparison results for eigenvalues, [15, Corol-
lary B]. They also tried to apply their methods to rotationally symmetric spheres
but, unfortunately, as stated in [70, p. 4904], their proof is wrong since equation
(4.6) in [15] is wrong.

The methods employed in [15] were also used by Topping [117] to get similar
results. Shortly after Benjamini and Cao’s paper, Pansu [76] showed that the
classical flow by parallels can be used to obtain the results in Benjamini and
Cao’s paper. Topping also recovered these results by polyhedral approximation
[118]. Howards, Hutchings and Morgan [70] solved the isoperimetric problem in
rotationally symmetric spheres in some particular cases. This problem was finally
solved by the author [90] from a classification of simple closed curves with constant
geodesic curvature, an approach used by Schmidt [104]. Using these techniques,
Cañete [23] classified the stable regions in tori of revolution, and Cañete and
the author [20] completed the classification of isoperimetric regions in quadrics
of revolution. A generalization of the Banchoff–Pohl inequality using the curve
shortening flow was given by Süssmann [116].
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2.3.2 Spheres

As remarked earlier, it is hard to obtain sharp isoperimetric inequalities in spheres
with Gauss curvature decreasing from the poles by using the curve shortening flow.
In this subsection, following Morgan and Johnson [71], we give a slight improve-
ment of the Bol–Fiala inequality in spheres with Gauss curvature bounded from
above by a positive constant K0. The inequality involves the classical Bol–Fiala
inequality and the length of the shortest closed geodesic. We begin with a prelim-
inary result

Lemma 2.3.3. Let M be a smooth Riemannian surface with K � 1. Let C be a
smooth Jordan curve of length L which flows under the curve shortening flow to a
point and encloses area A. If L2 � 4π, then

A � 2π − (4π2 − L2)1/2.

Proof. Whenever dA/dt �= 0 we have

dL2

dA
� 4π − 2A.

Since L is decreasing along the flow, we may integrate this differential inequality
with respect to A to get A2− 4πA+L2 � 0 along the deformation. The two roots
of this polynomial in A are 2π ± (4π2 − L2)1/2. Hence A � 0 if and only if

either A � 2π − (4π2 − L2)1/2, or A � 2π + (4π2 − L2)1/2.

As A approaches 0 when the flowing curves converge to the limit point, we find
that the first equality is the one that really holds. �

The following lemma will also be used in the proof of the main result of this
section.

Lemma 2.3.4. Let f : [0, r]→ R be a concave function. Assume that a1, . . . , ak and
a1 + · · ·+ ak are in [0, r]. Then we have

k∑
i=1

(
f(0)− f(ai)

)
� f(0)− f

( k∑
i=1

ai

)
.

Proof. It is a repeated application of the inequality f(0)− f(a) � f(b)− f(a+ b),
which is obtained from

f(b)− f(0)
b

� f(a+ b)− f(a)
b

. �

Theorem 2.3.5 ([71, Thm. 5.3]). Let M be a smooth Riemannian sphere with Gauss
curvature K � K0. Let L0 be the infimum of the length of simple closed geodesics.
Let A, L be the area and perimeter of a region Ω with smooth boundary C. Then

L2 � min{(2L0)2, 4πA−K0A
2}.
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Proof. By scaling the Riemannian metric on M we may assume that K0 = 1.
Let C1, . . . , Ck denote the connected components of C. Let us assume that L2 <
max{4πA − A2} = 4π and also that L < 2L0. The last condition implies that,
with the possible exception of C1, all the components of C flow to points. By
Lemma 2.3.3, each curve Ci, i � 2, bounds a disc Di satisfying

Ai < 2π − (4π2 − L2
i )

1/2,

where Li is the length of ∂Di and Ai the area of Di.
From the Bol–Fiala inequality (2.2)

L2
1 � 4πA1 −A2

1,

and we obtain (2π − A1)2 � 4π2 − L2
1. Hence one of the following inequalities

holds:

A1 � 2π − (4π2 − L2
1)

1/2,

A1 � 2π + (4π2 − L2
1)

1/2.

Assume A1 satisfies A1 � 2π − (4π2 − L2
1)

1/2. Then

A �
k∑

i=1

Ai �
k∑

i=1

2π − (4π2 − L2
i )

1/2 � 2π − (4π2 − L2)1/2,

by Lemma 2.3.4, since x �→ (4π2 − x2)1/2 is concave. This implies the desired in-
equality L2 � 4πA−A2.

If C1 satisfies A1 � 2π + (4π2 − L2
1)

1/2, then Di ⊂ D1 for all i � 2 by the
avoidance principle. Then

A � A1 −
k∑

i=2

Ai �
(
2π + (4π2 − L2

i )
1/2
)− (2π − (4π2 −Q2)1/2

)
� (4π2)1/2 + (4π2 − (L1 +Q)2)1/2 = 2π + (4π2 − L2)1/2,

by two more applications of Lemma 2.3.4. This implies again that the inequality
L2 � 4πA−A2 holds. �
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Higher dimensions

3.1 Introduction

Unlike surfaces, the use of the mean curvature flow in higher dimensions to prove
isoperimetric inequalities is severely limited by the possibility of development of
singularities. The reader is referred to Sinestrari’s course in this volume [113] for
an updated discussion on these topics.

On the other hand, isoperimetric inequalities can be used to ensure the sin-
gularity formation for given initial data. A typical argument is the one given by
Topping [117, §4]. Given an immersed surface Σ ⊂ R

3, we define its Willmore
energy by ∫

Σ

H2 dΣ.

It is known that, for any immersed surface Σ ⊂ R
3, the Willmore energy satisfies∫

Σ
H2 dΣ � 4π and that equality holds if and only if Σ is a round sphere, since one

can estimate H2 from below by K+, and the integral of K+ is larger than or equal
to 4π; see the introduction of [27] and [63]. Simon [111] proved that there exists a
torus minimizing the Willmore energy over all tori. Let θ0 be the minimum of the
Willmore energy in the class of immersed tori in R

3. We obviously have θ0 > 4π.
Assume that Σ ⊂ R

3 is an embedded torus evolving by mean curvature
without developing singularities and that the volume enclosed by Σ goes to 0
when we approach the extinction time T . Calling A(t) the area of Σt and V (t) the
volume enclosed by Σt, we have

−dV

dt
=
∫

Σt

Ht dΣt �
(∫

Σt

H2
t dΣt

)2

A1/2 � A1/2

θ
1/2
0

∫
Σt

H2
t dΣt,

−dA3/2

dt
= 3A1/2

∫
Σt

H2
t dΣt.
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This implies
dA3/2

dt
− 3θ1/2

0

dV

dt
� 0.

Integrating with respect to t from 0 to T we get

A(Σ)3/2 − 3θ1/2
0 V (Ω) � lim

t→T

{
A(Σt)3/2 − 3θ1/2

0 V (Ωt)
}
= lim

t→T
A(Σt)3/2 � 0.

As θ0 > 4π, we obtain

A(Σ)3 > 9θ0 V (Ω)2 > 36π V (Ω)2.

If we pick a torus Σ ⊂ R
3 so that A(Σ)3 is very close to and smaller than 9θ0 V (Ω)2

(as a round sphere with a very thin tube attached), then the mean curvature flow
applied to Σ will certainly develop singularities.

Figure 3.1: A torus close to a round sphere satisfying A(Σ)3 < 9θ0 V (Ω)2. By the
previous arguments, it will develop singularities when evolving under the mean
curvature flow

3.2 Hk-flows and isoperimetric inequalities

Recently, F. Schulze [106] has been able to produce a new proof of the isoperimetric
inequality in Euclidean space (up to dimension 8), and also to recover Kleiner’s
result on three-dimensional Hadamard manifolds, using a level-set formulation of
(a power of) the mean curvature flow. In his work, a major role is played by
a generalization of the inequality

∫
Σ

H2dΣ � 4π to higher dimensions and to
boundaries of sets with low regularity.

The essential idea behind Schultze’s result is the following. Given a compact
Riemannian manifold Σn without boundary, an Nn+1 complete Riemannian man-
ifold, and an embedding F0 : Σ→ N , the Hk-flow or flow by the k-th power of the
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mean curvature is given by a smooth function F : Σ× [0, T )→ N such that⎧⎨⎩
F ( · , 0) = F0( · ),

dF

dt
( · , t) = Hk( · , t)N( · , t),

(3.1)

where k � 1, H( · , t) is the mean curvature of the immersion Ft( · ) = F ( · , t), and
N( · , t) is the inner unit normal to Ft. An interesting property of the flow (3.1) is
the following.

Proposition 3.2.1 ([106, §2]). Along a solution of the flow by the k-th power of the
mean curvature, the isoperimetric difference

A(t)(n+1)/n − cn+1 V (t)

is non-increasing if k + 1 � n and the inequality∫
Σt

|H|n � A(Sn) (3.2)

holds. Here A(t) = Hn(Ft(Σ)), V (t) is the Hn+1-measure of the region enclosed
by Σt = Ft(Σ), and Ht is the mean curvature of Ft : Σ→ N .

Let us check the monotonicity of the isoperimetric difference when the flow
does not develop singularities. So consider an immersed hypersurface Σ ⊂ R

n+1,
and let it evolve by the Hk curvature flow, where k � n− 1 is an integer. We also
assume that Σ is mean convex (H > 0), and that Σ collapses to zero volume in
finite time. Let us compute the derivative of the isoperimetric difference

A(n+1)/n − cn+1 V

along the flow. Here cn+1 is the Euclidean isoperimetric constant

cn+1 =
c(n+1)/n

n

ωn+1
=

A(Sn)(n+1)/n

V (Bn+1)
.

We have

−dA(n+1)/n

dt
=

n+ 1
n

A1/n

∫
Σt

(−nHt)Hk
t dΣt = −(n+ 1)A1/n

∫
Σt

Hk+1
t dΣt,

and

−dV

dt
=
∫

Σt

Hk
t dΣt �

(∫
Σt

Hk+1
t dΣt

)k/(k+1)

A1−k/(k+1).

Now we use the Willmore inequality for immersed hypersurfaces in R
n+1, proved

by Chen [27]. If Σ ⊂ R
n+1 is a compact immersed hypersurface, then∫

Σ

|H|n dΣ � A(Sn), (3.3)
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and equality holds if and only if Σ is a round sphere. From (3.3) and the Hölder
inequality, as n/(k + 1) � 1, we get

1 � A(Sn)−1/n

(∫
Σt

Hn
t dΣt

)1/n

� A(Sn)−1

(∫
Σt

Hk+1
t

)1/(k+1)

A1/n−1/(k+1).

So we obtain

−dV

dt
�
(∫

Σt

Hk+1
t dΣt

)
A1/n A(Sn)−1/n,

and hence

dA(n+1)/n

dt
− cn+1

dV

dt
� A1/n

(∫
Σt

Hk+1
t dΣt

)
((n+ 1)− cn+1 A(Sn)−1/n) = 0,

since

cn+1 =
A(Sn)(n+1)/n

V (Bn+1)
=

A(Sn)(n+1)/n

A(Sn)/(n+ 1)
= (n+ 1)A(Sn)1/n.

Integrating the derivative of the isoperimetric difference between 0 and T , since Σ
collapses to zero volume, we have that the isoperimetric inequality holds for Σ.

Since the classical flow (3.1) may develop singularities, a level-set formulation,
in which (3.1) is replaced by

div
( ∇u

|∇u|
)
= − 1

|∇u|1/k
, (3.4)

is considered by Schultze. Here Ω is a bounded open set with H|∂Ω > 0, u : Ω→ R

and u = 0 in ∂Ω. The evolving surfaces for this formulation are then given as level
sets of u, i.e., by Γt = ∂ {x ∈ Ω : u(x) > t}.

The main results in Schulze’s paper are the following.

Theorem 3.2.2 ([106, Corollary 1.2]). Let Ω ⊂ R
n+1 be a compact domain with

smooth boundary and n + 1 � 8, or Ω ⊂ N3, where N3 is a simply connected
complete manifold with non-negative sectional curvatures. Then

Hn(∂Ω)(n+1)/n � cn+1Hn+1(Ω),

where Hk is the k-dimensional Hausdorff measure.

The result for 3-dimensional Hadamard manifolds was proved by B. Kleiner
[56]; see Section 3.3.2 for an alternative proof. It is a particular case of Aubin’s
conjecture, or the Cartan–Hadamard conjecture [9], that states that the Euclidean
isoperimetric inequality holds in a Hadamard manifold, i.e., a complete, simply
connected manifold with non-negative sectional curvatures [9], [46, §6.28 1

2 ]. The
4-dimensional case of the conjecture was proved by Croke [33].

Schulze’s proof of the isoperimetric inequality follows from the next result.
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Theorem 3.2.3 ([106, Thm. 1.1]). Let Ω ⊂ R
n be a bounded open subset of Nn+1

such that H|∂Ω > 0. If n = 2, let k � 1 and N be a 3-dimensional Hadamard
manifold. If n � 3, let N = R

n+1 and k > n. If u is a weak Hk-flow generated
by Ω, then the isoperimetric difference(Hn(∂∗{u > t}))(n+1)/n − cn+1Hn+1({u > t})
is a non-negative decreasing function on [0, T ), where T = supΩ u.

Equation (3.4) is degenerate elliptic, and can be solved by elliptic regulariza-
tion considering the problems

div
( ∇uε√

ε2 + |∇uε|2
)
= −(ε2 + |∇uε|2)−1/2k in Ω,

uε = 0 in ∂Ω.

(3.5)

Uniform L∞ and gradient bounds are obtained in [106, §3] so that there is conver-
gence of subsequences of {uε} to a Lipschitz function u : Ω → R. This u is called
a weak solution of (3.4). Uniqueness of this weak solution is proved in R

n+1 for
n � 6 [106, Corollary 4.5]. By the results in [106, §5], there is a set B ⊂ [0, T ]
of full measure such that, for t ∈ B, up to a closed set of Hn-measure 0, the set
Γt = ∂ {u > t} is a C1,α hypersurface which carries a weak mean curvature in
Lk+1(Γt). The main point is now to get the estimate (3.2) on these Γt. This is
done by considering the parallel hypersurfaces. In Hadamard manifolds, (3.2) is
obtained from a modification of an argument by Simon [111]. Finally, in [106, §7],
the monotonicity of the isoperimetric difference is proved.

3.3 Estimates on the Willmore functional and

isoperimetric inequalities

However, estimate (3.2) is enough to get the isoperimetric inequality in Euclidean
space for any dimension, and for a 3-dimensional Hadamard manifold. Observe
that (3.2) was obtained by [27] for smooth submanifolds of the Euclidean space,
and by Almgren [4] for solutions of the Plateau problem. The key point was ob-
served by Kleiner [56], who showed that estimates of the Willmore functional of a
hypersurface Σn ⊂ Nn+1, ∫

Σ

|H|ndΣ,

provide bounds for the isoperimetric profile of N .

3.3.1 Euclidean spaces

Let us see how to get the Euclidean isoperimetric inequality from an estimate of
this Willmore functional. Consider the problem of minimizing perimeter in R

n+1
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under a volume constraint. There is always a solution Ω enclosing a given volume
v since the quotient of R

n+1 by its isometry group is compact [66], [68]. The set
Ω is bounded by the monotonicity formula [68]. It is known that the boundary Σ
of Ω is smooth and has positive constant mean curvature except on a set Σ0 ⊂ Σ
of Hausdorff dimension less than or equal to n − 7 [43]. At every singular point
p ∈ Σ0, there is a minimizing tangent cone [42], that cannot be contained in a
halfspace of R

n+1 [18]. For every unit vector v ∈ S
n, there is a support hyperplane

Πv of Ω at some given point pv, which cannot be singular (since the minimizing
tangent cone would be contained in a halfspace). Let Σ+ be the set of regular
points with non-negative principal curvatures. Then pv ∈ Σ+, and we have∫

Σ

Hn dΣ �
∫

Σ+
Hn dΣ �

∫
Σ+

GK dΣ � A(Sn), (3.1)

where GK is the Gauss–Kronecker curvature (the product of the principal curva-
tures), and in the last inequality we have used the area formula and the fact that
the Jacobian of the Gauss map is the Gauss–Kronecker curvature. Equality holds
if and only is Σ is totally umbilical without singular points, i.e., if and only if it is
a totally umbilical sphere.

Let us denote the isoperimetric profile of R
n+1 by I. By standard arguments

([55], pp. 170–172), we have:

• I is continuous and increasing,

• if I is smooth at v0, then I ′(v0) = nH, where H is the constant mean
curvature of any isoperimetric region of volume v0, and

• left and right derivatives of I exist everywhere.

Since I is a continuous monotone function with left and right derivatives at every
point, it is absolutely continuous.

The continuity of I follows from the convergence of isoperimetric regions.
To prove the monotonicity of I, we just need to show that the constant mean
curvature H of the boundary of an isoperimetric region Ω is positive, which follows
easily from the maximum principle for the constant mean curvature equation.
To compute the derivative I ′(v0), we simply make a variation supported in a
neighborhood of a regular point of Σ and use the first variation formulas for
volume and area. The fact that left and right derivatives always exist follows from
the convergence of isoperimetric regions of volumes vk → v0 to an isoperimetric
region of volume v0; see [55], p. 171.

Let J(v) be the perimeter of a ball of volume v. Let f(a), g(a) be the inverse
functions of I, J , respectively. We know that g′(a) = J ′(a)−1 = (2H(a))−1, where
H(a) is the mean curvature of a sphere of area a. When f ′ exists, f ′(a) = I ′(a)−1 =
(2H)−1, where H is the mean curvature of any isoperimetric region of volume f(a).
By inequality (3.1) and the characterization of equality, we have g′(a) � f ′(a) L1-
a.e. Since f is absolutely continuous (and g is smooth), we have g(a) � f(a). It
follows that I � J .
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If equality holds for some v0, then for a0 = J(v0) = I(v0) we have g(a0) =
f(a0). Since g′ � f ′, we obtain that f ≡ g in the interval (0, a0), and so the mean
curvature H of any isoperimetric region Ω0 of area a0 satisfies H−1 = H(a0)−1.
If Ω0 is any isoperimetric region of volume v0, then Ω0 is isometric to a ball in R

n+1

of volume v0.

3.3.2 3-dimensional Hadamard manifolds

Let us consider now the case of a 3-dimensional Hadamard manifold M3. The
arguments in the following are taken from [92]. We have:

Theorem 3.3.1 ([92]). Let Σ ⊂ M be a compact C1,1 surface embedded in a 3-dim-
ensional Hadamard manifold M . Then∫

Σ

H2 dΣ � 4π. (3.2)

If equality holds in (3.2), then Σ bounds a flat region. Moreover, (3.2) implies that(
max

Σ
H2
)

A(Σ) � 4π. (3.3)

Equality holds in (3.3) if and only if Σ bounds a region isometric to a Euclidean
ball. If Ksec � −1, then ∫

Σ

(−1 +H2) dΣ � 4π. (3.4)

If equality holds in (3.4), then Σ bounds a hyperbolic region. Moreover, from (3.4)
we obtain (

max
Σ

(−1 +H2
))

A(Σ) � 4π. (3.5)

Equality holds in (3.5) if and only if Σ bounds a region isometric to a hyperbolic
ball of sectional curvatures equal to −1.
Proof. Consider first the case Ksec � 0. Let g be the Riemannian metric on M .
Let Σ be an embedded C1,1 compact surface. Take p ∈ Σ and let d(q) denote
the Riemannian distance between q and p. For ε > 0, we consider the family of
conformal metrics

gε = ρ2
ε g = e2uε g,

where

ρε =
2ε

1 + ε2d2
, uε = log

(
2ε

1 + ε2d2

)
.

In case M is the Euclidean space, this metric is obtained by applying a conformal
transformation to the metric of the sphere and projecting this metric orthogonally
to the Euclidean space by means of stereographic projection. It was used by Li and
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Yau [63] to obtain lower bounds for the Willmore functional in Euclidean 3-space.
By taking into account the well-known relation between conformal metrics, we get

e2uε(Kε)sec � Ksec + e2uε , (3.6)

where Kε and K are the sectional curvatures of a given plane of M for the metrics
gε and g, respectively. From now on we shall assume that they are the ones of the
tangent plane to Σ. Hence,∫

Σ

H2 dΣ =
∫

Σ

(H2 +Ksec) dΣ−
∫

Σ

Ksec dΣ

=
∫

Σ

((H2
ε ) + (Kε)sec) dΣε −

∫
Σ

Ksec dΣ

�
∫

Σ

H2
ε dΣε +

∫
Σ

dΣε

�
∫

Σ

dΣε,

where in the first equality we use the conformal invariance of
∫
(H2+Ksec) dΣ and

inequality (3.6). The area element of Σ with respect to the metric gε is denoted
by dΣε.

The limit
lim
ε→0

∫
Σ

dΣε

can be computed in (ambient) polar coordinates. Let r(q) = d(q). Fix r0 > 0
small. Observe that e2uε converges uniformly to 0 in Σ out of the ball B(p, r0)
when ε → ∞. For r0 small enough, the modulus of the gradient of r

∣∣
Σ
over

Σ ∩ B(p, r0) is approximately 1, and the length of Σ ∩ ∂B(p, r), for r ∈ (0, r0), is
approximately 2πr. By applying the coarea formula to r

∣∣
Σ
we get∫

Σ∩B(p,r0)

dΣε = 2π
∫ r0

0

r

(
2ε

1 + ε2r2

)2

dr + o(r0) = 2π + o(r0),

where o(r0) converges to 0 when r0 → 0. Letting ε →∞ and r0 → 0 we get

lim
ε→∞

∫
Σ

dΣε = 4π,

and we obtain (3.2).
When equality holds in (3.2) we need a more accurate estimate of the ex-

pression of the curvatures in the conformal metrics. So we write

e2uεKε = K −
(

ε2

1 + ε2d2

)2

4d2

+
(

ε2

1 + ε2d2

)
(∇2d2(X, X) +∇2d2(Y, Y )),
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where X, Y is an orthonormal basis of the tangent plane to Σ. From this formula
we get

4π =
∫

Σ

H2 dΣ =
∫

Σ

(H2 +K) dΣ−
∫

Σ

K dΣ

=
∫

Σ

((H2
ε ) +Kε) dΣε −

∫
Σ

K dΣ

=
∫

Σ

dΣε +
∫

Σ

(
ε2

1 + ε2d2

)(∇2d2(X, X) +∇2d2(Y, Y )− 4
)
dΣ

+
∫

Σ

H2
ε dΣε.

We already know that the first integral converges to 4π when ε →∞. So the limit
of the remaining integrals is 0. Since ∇2d2(X, X) � 2 for any |X| = 1, we obtain
that both integrals are positive and, in particular,

∇2d2(X, X) = ∇2d2(Y, Y ) = 2.

Standard comparison theorems in Riemannian geometry [81] show that, if the
geodesic starting from p leaves the enclosed domain Ω in a non-tangential way,
then ∇2d2 = 2 g at the hitting point. Standard comparison shows that ∇d2 ≡ 2 g
along the geodesic. Moving slightly the geodesic we get a cone with the property
that ∇d2 ≡ 2 g inside this cone. Since every point in the interior of Ω can be
connected with Σ by a minimizing geodesic hitting Σ orthogonally, we conclude
that every point inside Σ is flat and so Ω is flat.

In case equality (
max

Σ
H2
)

A(Σ) = 4π

holds, in addition to Ω flat we get that the mean curvature of Σ is constant. For
any domain of this type, Ros [97] and Montiel and Ros [65] have proved that

3V (Ω) � 1
H

A(Σ),

and equality holds if and only if Ω is isometric to a geodesic ball in Euclidean
space. But the classical Minkowski formula

3V (Ω) =
1
H

A(Σ)

holds in Ω, since the function (1/2) d2 has Hessian on Ω proportional to twice the
identity matrix. From this we conclude our proof of Theorem 3.3.1 in the flat case.

In the hyperbolic case Ksec � −1, one has to consider the following family
of conformal metrics:

gε =
(

2ε
(1− ε2) + (1 + ε2) cosh(d)

)
g, ε > 1.
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In case M is the hyperbolic 3-space, they are obtained by writing the spherical
metric in a disc D of R

3 via stereographical projection in terms of the hyperbolic
metric of constant curvature −1 in D. So we obtain

e2uε(Kε)sec � Ksec + e2uε + 1

and ∫
Σ

(−1 +H2) dΣ �
∫

Σ

dΣε.

As in the previous case, one proves that

lim
ε→∞

∫
Σ

dΣε = 4π,

which yields (3.4).
To analyze the equality case in (3.4), it is more convenient to write

e2uε(Kε)sec = Ksec + 1 + e2uε +
(

1 + ε2

(1− ε2) + (1 + ε2) cosh(d)

)
×
(
∇2 cosh(d)(X, X) +∇2 cosh(d)(Y, Y )− 2 cosh(d)

)
.

We recall that, by classical comparison theorems [81], when Ksec � −1 we get

∇2 cosh(d) � cosh(d) g,

so that the factor in the previous displayed line is non-negative. Hence

4π =
∫

Σ

(−1 +H2) dΣ =
∫

Σ

dΣε +
∫

Σ

H2
ε dΣε

+
∫

Σ

(
1 + ε2

(1− ε2) + (1 + ε2) cosh(d)

)
×
(
∇2 cosh(d)(X, X) +∇2 cosh(d)(Y, Y )− 2 cosh(d)

)
dΣ.

Letting ε →∞ and taking into account that limε→∞
∫
Σ

dAε = 4π, we deduce that
the remaining positive integrals tend to 0 when ε →∞. In particular,

∇2 cosh(d)(X, X) = ∇2 cosh(d)(Y, Y ) = cosh(d).

By standard comparison theorems, and arguing as in the Euclidean case, we con-
clude that the metric in Ω is hyperbolic. If(

max
Σ

(−1 +H2
))

A(Σ) = 4π,



3.3. Estimates on the Willmore functional and isoperimetric inequalities 95

then H is constant. Moreover, from [64, Theorem 9] we conclude, by taking inner
parallels, that ∫

Σ

(
cosh(d) +H sinh(d) 〈∂/∂d, N〉 ) dΣ � 0,

and equality holds only when Σ is a geodesic sphere. But, since the metric in Ω is
hyperbolic, we have ∇2 cosh(d) = 2g, so that∫

Σ

(
cosh(d) +H sinh(d) 〈∂/∂d, N〉 ) dΣ = 0,

and Theorem 3.3.1 also follows in the hyperbolic case. �

Once Theorem 3.3.1 is proven, the isoperimetric comparison theorem can
be obtained following the arguments of the Euclidean case. However, a major
difficulty is the non-existence of isoperimetric regions in non-compact manifolds.
To overcome this, we use an argument by Kleiner [56] and take a fixed p ∈ M ,
and a sequence Bk of balls centered at p whose radii go off to infinity as k →∞.
We consider the isoperimetric profile Ik of Bk, and J the isoperimetric profile
of either the Euclidean space or hyperbolic space of constant sectional curvature
−1. To these balls one can apply the following regularity result for isoperimetric
regions [114].

Proposition 3.3.2. Let B be a compact manifold with smooth boundary ∂B in a
3-dimensional manifold. Let v ∈ (0, V (B)). Then there is a region Ω ⊂ B with
boundary Σ = ∂Ω such that

1. V (Ω) = v, A(Σ) = IB(v).

2. Σ = ∂Ω is a C1,1 surface in a neighborhood of ∂B.

3. Σ is C∞ surface in the interior of Σ with constant mean curvature H.

4. The mean curvature h of Σ is defined almost everywhere (except in a set of
H2-measure zero), and we have h � H.

Hence there is an isoperimetric comparison theorem and we get Ik(v) � J(v)
for all v ∈ (0, V (Bk)). So we get Ik(v) � J(v).

These ideas have been used by Choe and Ritoré [30], and Choe, Ghomi and
Ritoré [28], [29] to prove optimal isoperimetric inequalities outside convex sets in 3-
dimensional Hadamard manifolds, and Euclidean spaces, respectively. Comparison
theorems for Ricci curvature bounded below have been given by Bayle [12] and
Morgan and Johnson [71], and inside convex sets in manifolds with Ricci curvature
bounded below by Bayle and Rosales [13] and Morgan [69].
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3.4 Singularities in the volume-preserving mean

curvature flow

Given a compact Riemannian manifold Mn without boundary, an Nn+1 complete
Riemannian manifold, and an embedding F0 : M → N , the volume-preserving
mean curvature flow is given by a smooth function F : [0, T )×M → N so that⎧⎨⎩

F ( · , 0) = F0( · ),
dF

dt
( · , t) = (h−H) ν( · , t),

(3.1)

where

h(t) =

∫
Mt

Ht dMt

A(Mt)
,

and Ht is the mean curvature (the trace of the Weingarten operator) of the immer-
sion Ft( · ) = F ( · , t), and ν( · , t) is the inner unit normal to Ft. Volume-preserving
mean curvature flow is of a global nature because of the term involving the total
mean curvature of Mt = F (M ×{t}). Volume-preserving mean curvature flow can
develop singularities in finite time. The classification of solutions for given isoperi-
metric problems can help in continuing the flow across the singularities. We briefly
recall the results by Cabezas–Rivas and Miquel [21], [22] (see also Athanassenas
[7], [8]). For simplicity we state their results in Euclidean space.

Theorem 3.4.1 ([22]). Let M ⊂ R
n+1 be a smoothly embedded hypersurface con-

tained in the slab G = {x ∈ R
n+1 : 0 � xn+1 � d, d > 0} with ∂M ⊂ ∂G. Assume

that M is a hypersurface of revolution around the axis z = xn+1 generated by the
graph of a function r(z), that intersects ∂G orthogonally and that encloses a region
of volume v. Then the volume-preserving mean curvature flow applied to M gives
a family {Mt} of hypersurfaces of revolution around the z-axis which are generated
by the graphs of functions rt in a maximal time interval [0, T ). Moreover:

1. If T < ∞, then limt→T minx∈Mt
rt(x) = 0 [21, Thm. 5.26].

2. If limt→T rt(x0) = 0, then x0 = limt→∞ xt with ṙt(xt) = 0 [21, §5.10].
3. The number N(t) of zeroes of ṙt is finite and N(t) is non-increasing.

The volume-preserving flow can be continued in the following way: at every
point where the singular graph rT touches the z-axis, insert a cylinder of revolution
C around the z-axis of small radius, so that the bases B1, B2 are contained in
the singular region MT enclosed by the profile curve rT , and no other disc inside
the cylinder satisfies this property. Let S be the open slab determined by the
bases. Now solve the following isoperimetric problem: minimize P(Ω, S) for Ω ⊂ C
such that B1, B2 ⊂ Ω, V (Ω) = V (MT ∩ C). This problem has a solution Ω
and, by Steiner symmetrization, Ω is a set of revolution around the z-axis [100].
The solution is smooth in the interior of the cylinder and merely C1,1 near the
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boundary of C [115]. It can be proven that solutions are either connected, and
composed of a piece of Delaunay hypersurface tangent to the boundary of the
cylinder with precisely one minimum of the distance to the z-axis, or disconnected
and composed of two spherical caps of the same mean curvature enclosing each one
of the bases of C and, possibly, a part of the boundary of C. Replacing MT ∩C by
the isoperimetric solution and performing some geometrical constructions, we can
continue the flow reducing the boundary area while keeping constant the volume
enclosed.



Chapter 4

Some applications to hyperbolic
geometry

4.1 Introduction

Consider a compact, connected, orientable 3-manifold with a hyperbolic metric.
By Mostow’s Rigidity Theorem [14, Ch. C], the hyperbolic metric is unique up
to isometry. Hence the geometric invariants of the metric, such as the volume or
the injectivity radius, are topological invariants. The recent proof of Thurston’s
Geometrization Conjecture based on the results by Perelman [78], [79], [80], has
increased greatly the interest in hyperbolic 3-manifolds. Let us remark that on a
compact Riemann surface of genus g � 2, the space of hyperbolic metrics up to
isotopy is the Teichmüller space, a real analytic manifold of real dimension 6g−6;
see [14, Ch. B].

In this section we shall give two applications of the theory of isoperimetric
inequalities to hyperbolic geometry. The first one is a result by Bachman, Cooper
and White [10] that provides a lower bound of the genus of a Heegaard splitting
of a closed orientable hyperbolic 3-manifold in terms of the injectivity radius of
the manifold. The second one is a result by Adams and Morgan [2], namely the
description of the isoperimetric profile of cusped (n + 1)-dimensional hyperbolic
manifolds for small values of the volume.

Let us remark that in the above cited paper by Adams and Morgan [2],
a quite complete description of the isoperimetric regions in compact hyperbolic
surfaces is given. These results have been recently extended by Simonson [112].
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4.2 Bounds on the Heegaard genus of a hyperbolic

manifold

A handlebody is a 3-manifold homeomorphic to a closed regular neighborhood of
a graph in R

3. A closed surface S ⊂ M is a Heegaard splitting of M if S separates
M into two handlebodies. Heegaard splittings appear frequently in Riemannian
geometry. For instance, any embedded minimal surface in the 3-sphere with its
standard metric determines a decomposition of the sphere into two handlebodies,
and so is a Heegaard splitting of S

3; see Lawson [62]. More generally, an embedded
surface with mean curvature H � 0 in a 3-manifold with non-negative Ricci curva-
ture encloses a handlebody. The genus of a 3-manifold M is the minimum among
the genera of all Heegaard splittings of M . The injectivity radius of a hyperbolic
3-manifold is the radius of the largest self-tangent isometrically embedded ball
in M .

Let S be a connected orientable closed surface and M a closed orientable
3-manifold. Let Φ: S × I → M be a continuous map, where I = [0, 1], and define
St = Φ(S × {t}). Then Φ is a sweepout if the following conditions are satisfied:

1. S0 and S1 are graphs.

2. Φ∗ : H3(S × I, ∂ (S × I))→ H3(M,S0 ∪ S1) is an isomorphism.

The sweepout is smooth if Φ is C∞.
The following has been announced by Pitts and Rubinstein [83], [84], [85].

Colding and De Lellis [32] have provided details for parts of the argument.

Theorem 4.2.1. Let M be a compact Riemannian 3-manifold of genus g. Then,
for all ε > 0, there is a smooth sweepout Φ: S × I → M by surfaces of genus
g = genus(S) and a minimal surface Σ in M of genus at most g so that

A(St) � A(Σ) + ε, for all t ∈ I. (4.1)

Such a sweepout is called an almost minimal sweepout.
Observe that, by the Gauss–Bonnet Theorem, the Gauss curvature K of a

minimal surface in a 3-manifold with Ksec � −1 satisfies K = Ksec + κ1κ2 � −1.
Hence we have

A(Σ) �
∫

Σ

(−K) dA = 2π (2g − 2)

and so we can replace (4.1) by

A(St) � 2π (2g − 2) + ε, for all t ∈ I. (4.2)

Assuming Theorem 4.2.1, Bachman, Cooper and White [10] prove the following
result.
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Theorem 4.2.2 ([10, Thm. 1.1]). Let M be a closed, orientable 3-manifold with all
sectional curvatures less than or equal to −1 and Heegaard genus g. Then

g � 1
2
(cosh(r) + 1),

where r denotes the radius of any isometrically embedded ball in M .

In the proof of Theorem 4.2.2, the main ingredients are Theorem 4.2.1 and
the following result on isoperimetric regions in hyperbolic balls [10, Thm. 3.3].

Theorem 4.2.3. Let Ω be a compact subset of the closed ball B = Br in H
3. Let

S = int(B) ∩ ∂Ω. Suppose that V (Ω) = V (B)/2. Then the area of S is at least as
large as the area of an equatorial disc. Hence

A(S) � 2π (cosh(r)− 1).

Proof. See [10, Thm. 3.3] for an alternative proof along the lines of Ros [98] and
[19]. Consider an isoperimetric region Ω ⊂ B. Apply spherical symmetrization
and replace Ω by a set of revolution Ω′ around a line. The perimeter is strictly
decreased unless Ω were already of revolution around some line (here we use that
the boundary of Ω has constant mean curvature and cannot be tangent to a sphere
in a set of positive 2-dimensional Hausdorff measure unless it coincides with the
sphere). Also S must touch the boundary of B (otherwise we consider the com-
plement of Ω and move it until it touches ∂B for the first time). Observe that
spherical symmetrization produces a set that has connected intersection with any
sphere ∂Bs, for s � r. Hence Ω ∩ ∂Br is a proper disc of ∂Br. We conclude that
S touches the axis of revolution. By the classification of constant mean curvature
surfaces of revolution in H

3, we have that S is a spherical cap or an equatorial
disc. From this the result follows easily. �

From the above we can prove:

Theorem 4.2.4 ([10, Thm. 4.1]). Suppose that M is a closed, connected, orientable
3-manifold with all sectional curvatures less than or equal to −1. Suppose there
is a piecewise smooth sweepout of M by surfaces which have at most area A. Let
p ∈M and r = inj(p). Then

2π (cosh(r)− 1) � A. (4.3)

Proof. We just consider the hyperbolic case. Let Φ: S × I → M be the given
sweepout. Suppose that Φ: S× I → M is an embedding. Let v : I → R be defined
by v(t) = V (B∩Φ(S× [0, t])). Then v is continuous and v(0) = 0, v(1) = V (M) �
V (B). Hence there is some t0 such that v(t0) = V (B)/2. So

A � A(St0 ∩B) � 2π (cosh(r)− 1).

The general case when Φ: S × I → M is not an embedding is handled in a
similar way, with a slight technical complication since one has to define the volume
enclosed by Φ(S × {t}). �

Now the proof of Theorem 4.2.2 follows from Theorems 4.2.1 and 4.2.4.
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4.3 The isoperimetric profile for small volumes

An interesting question in Riemannian geometry is to distinguish between Rie-
mannian manifolds by looking at their isoperimetric profiles. Pittet [82] was able
to recognize different types of homogeneous Riemannian manifolds by looking at
the asymptotic isoperimetric profile for large values of the volume.

A similar idea could be applied to hyperbolic manifolds. Could we distin-
guish a compact (n+ 1)-dimensional hyperbolic manifold from a cusped (n+ 1)-
dimensional hyperbolic manifold of finite volume [14] by looking at their isoperi-
metric profiles?

Throughout this section, M will be an (n+ 1)-dimensional hyperbolic man-
ifold of finite volume. We know that M is either compact, or the ends of M are
cusps, i.e., isometric to the warped product V × [0,∞), where (V, g) is a flat n-
dimensional space form, and the Riemannian metric is given by

e−2tg + dt2,

see [14, Prop. D.3.12]. As M has finite volume, the flat manifold associated to
each end is compact. We shall say that a non-compact hyperbolic manifold M is a
cusped manifold if all its ends are cusps. A horosurface in a cusp is a slice V ×{t}.

In Riemannian manifolds of finite volume, existence of isoperimetric regions
for any value of the volume is guaranteed by [2, §5] or by Theorem 1.2.1. Isoperi-
metric solutions are smooth embedded constant mean curvature hypersurfaces
except on a singular set of small Hausdorff dimension.

For cusped manifolds, we have the following:

Theorem 4.3.1 ([2, Thm. 5.1]). Let M be a cusped (n+ 1)-dimensional hyperbolic
manifold of finite volume. There exists ε > 0 such that the least-perimeter enclo-
sure of a region of volume V � ε is an arbitrary collection of horosurfaces around
cusps, of total area A = n V .

Proof. Horosurfaces around cups have mean curvature H = 1. By the first varia-
tion of area and volume, sliding a horosurface out of a cusp we get dA/dV = n.
Integrating from zero volume we have A = nV .

If Σ is a hypersurface with constant mean curvature H � 1 and the injectivity
radius of M at p ∈ Σ is bounded below, the area of Σ is bounded below by
monotonicity [68, pp. 89–90]. This bound depends on the injectivity radius of M
at p. By comparison with geodesic spheres of small volume, we conclude that there
is an ε > 0 so that an isoperimetric solution with V � ε and |H| � 1 is contained
in the cusps.

Assume that, for some 0 < V � ε, there is an isoperimetric solution Ω which
is not contained in a cusp neighborhood. Choose it to minimize A − nV (this
minimum has to be strictly negative). Make a small variation of the boundary of
Ω supported at its regular part so that dV/dt < 0. Then

0 � dA

dt
− n

dV

dt
= (nH − n)

dV

dt
= n (H − 1)

dV

dt
.
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So we obtained H � 1 (otherwise dA/dt − n dV/dt < 0, contradicting that Ω
minimizes the functional A− nV ). So Ω must lie deep in the cusps. Moving horo-
surfaces until the first contact with the boundary of Ω we obtain regular points of
∂Ω. Applying the maximum principle for the constant mean curvature equation
contradicts the fact that ∂Ω is not a horosurface. �

Recall that, on any compact Riemannian manifold, the isoperimetric profile is
asymptotically that of Euclidean space [40] of the same dimension. However, for an
(n+1)-dimensional cusped hyperbolic manifold of finite volume, the isoperimetric
profile for small volumes is linear. Hence it is possible to distinguish between the
two types of hyperbolic manifolds just by looking at their isoperimetric profiles
for values close to 0.

An interesting recent result concerning the isoperimetric profile for small vol-
umes in compact manifolds has been obtained by Nardulli [72], [73], [74], who has
proved that isoperimetric sets for small volume are invariant by the isometries that
leave invariant their center of mass. His result is stated for compact Riemannian
manifolds, although it is valid whenever there is existence of bounded isoperimetric
regions for any value of the volume, as in homogeneous manifolds. Morgan and
Johnson [71] also proved that isoperimetric sets of small volumes in a compact
Riemannian manifold are asymptotically round spheres.
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